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KE$ANATO 1

EIZATQT'H

H YnmoAovyiotikp NonuooUvn eival €éva UmooUVOAO Tng Texvning vonuoouvng (AI)
nou douel ovothpata Lkoavd va pabaivouv kol va BeATLdvovial amd Tnv eumneLlplo
dnAadn amd Ta dedopéva eLoddou e€fddou, xwplc va eival pnt& dnAwpévog o
unxaviopudg nou dilémel Tnv oxéon toucg. I'ta maphdeilypa plo Aoylkp nUAn (m.x. Ing
dL&leuéng, XOR) meplypdoetal pntd pe tnv &dAyefpa 1tou Boole, e€v 1oUTOoLlC €lval
duvatdv updvo and ta dedopéva Tou mivaxka oAnbeioac tng va dnuloupynooupe  éva
oUoTnua Mnxov LkAg MaOnong mou 6o MIPOCOUOLOVEL TNV Agltoupyla tng. AVapépetol
10 oUotnuoa autd KAl ©G¢ eunetptlkd poviédo. H oduvopla pnithgc meplypophg evoc
CUCTAUNTOC Kol I ov&YKN €T LOTPATEUCNC TNG PNXoV LKAC pu&bnong umopel vo mpoépxetal
elte and tnv moAunmAoxkdOIntd tou eite aumd tnv aduvapla YA®WOOLKAC meplypapnc. I'ta
nopdde Lypa dev umopoUue va dL1d&foupne o KAMOLOV XPENOLPOTOLOVIAG TNV QUOLKN
YAOooo mwg va k&vel modAAato, mpémel va dokLudoel Kol vo udbel egumelpLlRA.

Baolkég évvoleg xol O6pol moUu eumAérovial ouxvd otnv YmoAoyLloT Lk NonuooUv
elval emlypoppat LKA:

- Ta dedouéva

-0t aAydpLbuolL Taé Lvéunong, noA Lvdpdunong, ounadomoinong, EVLIOXUT LKAC

p&enong.

- H Exnaideuvuon xal 17 doxluf

- H M&bnon, emomteudbuevn, uUn e€nomnteuUdUevn KXL €V LIOXUT LKL

- H Av&Auon XopaKInpLloT LKOV

Epappoyvég Mnyxovixkng M&6nong:

H YmnoAovyloT k) NonuooUvn eoopudbletal oe dL&popoug Touelg mou oavaeépovial

eVOELKT LKY TTUPARAT®:



- Emefepyooia duolxkhg TAdocoag (NLP)
- Avayvaoplon eglxkdévag xal oplAiag

- IHpoPRAent Lk Av&Auon

- JUOTAUATA OUCTHOEWV

- Yyela kol IaTpLlKA

- Xpnuatoddinon

- Autdvoupa OxHupatTa

Eva oUvoAo OuoLlwyv mpoTlnwyv, Ol ovayKooTLlkd noavopoldiunwv, oplilel pla
oUAANYN (concept). Ta vonuova &uflLa moupatneoUv kol poaboaivouv ta 6via (mpdIuna)
ToU meplPBaArovIog kO6OuoU Kol dnuLoupyoUv vi’' outd ocUAAAlelg. Tia mopddelypa TO
oUVoAO TV aAdYOV TOU yvwploate oug éuabe Tnv yevikh oUAANYn (1déa) &royo (k&vte
ouoxeTtopd pe 1OV KOOUO TV 1dedv ToU IMA&TWVH) . TTOV XOPO TV YPUUPATWVY TNG
EAANV LKAC vAOooog undpxouv 24 oculdfveilc mou eival ta 24 ypdupoata 1ng EAANV LKAC
aAeafiTou. K&Be vypdupo 1tnc EAANVLIKAC  YAOooag 1mou  yphepinke oamnotedel uplo
npayuatonoinon i oupfdv (event) npilag amd TLg¢ 24 OUAAAYeLlg. Tia mopddelyua ot

HOPPEG:

> 83BpBpBH BB B
51206 A8 O 5 &

amoTeAoUv oupfdvia (mpdtuna) TV OUAAATewvV TV ypouudtwv BHTA kol AEATA. To
ouvykekpLluéva mpdtuna umopsl vo dilapépouv Ot1o Péyebog, TNV YPUUUXTOOE LPpX, VA
elval kepodala O pikpd, N va €XOoUV PLKPODLAEOPEC MOU dnuLoupyndnxkoayv KAt 11
OTLYUN TNg ektUnmwong (Bd6puRog). Aviikelpeva (mpdtuma) moUu ovhkouv otnv (dLa
oUAANUN amoTeloUv pla xAdon 1 tédén (class). Elval mpoeavég TwG Ol CUAAAYELG KoL
T olkelo mpdtun& toug mpémel v OLABETOUV XUPAKTINELOT LK& mmou va TLg dLaxkpivouv
and &AAec oUAAAYeLlg kal mpdtuna. H eUpeon kol pétpnon TETOLV XOUPAKTINPLOT LKAV
(features) twv TmPOTUNWV €lval TPRWTAPXLKAC onuoocioc yla TNV Meplypaen KXL Tnv

avayv@oE Lo Toug.

H 1o tvéunon towv ovI LKE LPEVOVY O KAGCE LC AfyeTal avayvoplon npotvinwv (pattern
recognition) xol pmaopel Vo avILKATAOTHOE L TANOHOA €m{movoy avOpOILVOV €PYXCLOV,
va BeEATLOOEL TO gpyaolard meplPEAAOV Kol vo ouffocel Tnv mopoayeoyLlkoétnto. I'ia
ToP&OE LYUX N HETATPONN TUIOUEVOV £YyYPAOWY O NAEKTPOV LKA Hopern ue KwdLlkomolinon
ko1& ASCII, numopel va vyviver amd 1ov &vBpwno daktudloypdpo mou dLoafd&lel TO
xelpevo, avayvepilel TOUG XUPAKIAPECG KAl TOUC TANKIpoAovel, umopel ouwg oxrdun
va yivel pe tnv odpwon xal yneiomoinon (scanning) tou eyypdeou omd KATHAAANAO
IPOYPOUPX ONT LKAC avayvapLlong xopaxkthpwv (OCR: Optical Character Recognition)
nmou Ba avoayvwplilel Tnv ynelaxkn popen k&Be XAPaKTIHPa KAl Ba Tov kKwdlkomolLel ue

10 aviioTolxo k®dO Lk ASCITI.



Eva ototnua  (aAydpLlbuog) mou avayveopidlel mnpdtuna Aéyvetoal Ttaéivountng
(classifier). 3¢ éva toflvountn emiteAoUvial dUo kUpleg egpyoaociec mou eivol n
exnal{devon (training) xoal n Ttaéivéounon. Katd 1tnv exnaidevon dltayxwplloviol
KATAAANAO Ol KA&oCelg 1 mpoodlopllovial Ol OUYKEVIPOOELC TwV HOPOTUNOV KAl
pubuilovial ol moapdueTpol TOU oUoThAuaToC Taflvéunong ue PR&on 1L omoleg 6Ha
elval autd Lxovd va taf lvounoel Ta TPOTUNN CHOOTA OT LG KA&OeLC. Me tnv Taf1voéunon
amodidetal éva npdtuno oe pla kA&on 1 oe pla cuykévipwon. OL pébodol exnaidevong

xwpllovial og dUo RBaolxkéc xratnyoplieg:

A) Exnoaideuon pe emémtin (supervised learning) xat& 1nv omola e€l{val yvwoTlh 1
KA&on otnv omola avAxrel k&OBe mpdTumo ToU OUVOAOU eknaideuong Kol €mLOLOKETAL N
0pHn ambddoon TV TPOIUNWV MoU d&v aVAKOUV OT0 OUVoAo ckmaideuong, oe ula amd
TLG Tmpokaboplouéveg KAGoelg. Je  k&Oe mpdtuno TouUu ouvdbAou exnaideuvong

aviLotoly ({{oupe 1O Ovoux TNG KAXONG 1ToU pe pla etixkéta (label).

B) Exnaidevon xwplc emémtn (unsupervised learning) xot& tnv omola dev elval
YVWoTh 1 KA&on otnv omolo ovAkel k&OBe npdTuUmo TOU OUVOAOU eKNN(deUuong KoL

avalntoUvial PBoaclk& Ol CUYKEVIPOOELC TwV HPOoTUnwv (clustering).

Ta mpdTUNX TIOU XPENOLHPOMTOLOUVINL YLla TNV ekOoideucon tou Toflvountrh omnoTeioUv
10 oUvoAo exknalidevong (training set). 3JuXva xpnolLuomoLoUue Kol &va OUVOAO
IPpOoTUNOV  YLla TNV eOLlKUPpOn 1TV onoteleoudtev 1o omnolo ovou&louus oUvVoAo

enikUpwong (validation set).

H exnaidevon evog tafivounthy smovohopufdvetal GOte n unyxovy va npoocappdletal
OT LG OAAXYEC TV HTPOTUH®V mnou tofitvouel. OL Ttafivountég elval OUCLAOT LKA TO
avTLlke{pevo pe 1o omnoio Ba aoyxyoAnBoUue mepalTépw KAL B avaAuboUv ota endueva

KeQAAX L.



KE®ANAIO 2

[IEPIT'PA®H TQN IIPOTYIION KAI OPIXMOI

Tia k&Oe mpdiumo peTpoUUe €Vva MEMEPUCUEVO NMANOOC XUPUKTINELOT LKAV TOU (Im.X-
Bapog, xpoduc, Uyocg, nmA&tog, upAxrog). T'ila éva moLloTLkO XOPAKINELOTLKO TOoU O&v
petpLétal  Gueca  pe  wplOUNTLKECQ  TLPég Omwg  via nopddelypo  TO  Xpouo,
XpnotLuomoLtoUue KATola kKwdlkomolnon mou ovIloTolyxel oaplbuodc o1Lg dLdpoped
popeéc tou (m.xX. 0 via 10 pavtpo, 1 yia 1o UmAe, 2 yia 1O KOKKLVO K.A.Im.) Av Q
elval éva oUvolo mou amotedeital amnd K 1o mAnboc npdtunoa Iy, k=1,2,3,...,K,
dnAadn Q={I1,Iy, ...,k .. .0k} xal petpolpe N 10 NAABOC KOLVA XOPAKTINPELOT LKA YVLO
k&Be mpdtumo, 1d6Te 1O Ik mpdtuno unopel va meplypapel amd éva dLdvuoua (mivoro

OTAANG) Xx 0 éva xdpo N ditactdoewv oUUEVA ue Tnv oXéon

X = ) = [X1x Xox e Xox e Xk T (2.1.1)

K&be mpdtumo Bewpelital &exwplotd amd x&Be &AANO axdun kol otav OAeg Ol
TLPEC TV avT{OTOLXWV YXXPAKINELOTLKOV Toug eilval {(oeg. AnAoadhn to mpdtumo I,
elval &AAo otoilxeio tou ouvdrou Q, amnd To npdtumo IIh av KAl Xp=xa (U, A €
{1,2,...,K}, xot I, IIh € Q ). Q¢ ex t0oUtoU TO Q €il{val oUVOAO pe TNV POONUAT LKN
évvola. 'Ohoug Tt1oug mivaxkeg ©Oa Toug oupPoAiloups pe moaxld ypdupoto 1 ue
vnoypdpupLon.

Av K 10 mARBo¢ TV mpotUnwv, N 1o MANBOC TV XUPAKINELOT LKOV MOoU petpdue

oe k&Be mpdtumo xal T 1o mARbog Twv T&icwv, UIOPOoUPE VA XPENOLPOIOLHCOUURE &V

deixtn x=1,2,...,K vyLa x&Be mnpdIumo, éva  degixktn v=1,2,...,N vyia «k&Be
XOPoKTNELOTLKS Kol éva deixtn 1=1,2,...,T yia r&Oe rA&on. O dLavUuouaT LKOC XOHEOC
TV mnpotUmwv éxel diLdotaon N, (RY). T'lta tnv TLUR TOU V-00TOU XUPAKINELOTLKOU

TOU K TPOTIUNOU IMoU aVvAKEL o1nv KAXOnN 1 ypdopouue

T
Xy »



SUuxVv& k&rmolol deirteg dev xpnotLponolLoUvial 6Ty €XOUV mpoeavy TLun n oéTav
n ovopopd toucg dev elival omopalitnin. H pabnuoT LK Oeplypae) TV TPpayRATOV OTnv
avayvoplon mnpoIUnwv vivetol upe 1tnv xphon opwv ITNg YPouuLlxkng &Aiveppoag. To
dL&vuopa X mou mepléxel N XAPAKTINELOT LKA £€vOC mpotUmou Oa BewpelTal Iivaxag e
N yvpoppég xol pla othHAn xol 6o oUpPoAlletol HKnx: ) X&plv ouvioplog x 1) xX. Zuxvd
o xpnotLupomoloUue tov oavdoTtpopo mnivaka AT evége nmivoka A (Hopdptnua A). T'ia
gfolxovéunon xopou otnv ogAida, TOoVv mivara oTHANg x e€vo6C mpotUmou Oa  ToVv

vp&pouue aveoTpauuévo xXT=[ xi, X2 Xy, ..., Xn]. Me Pp&on t1ov oplopd TOU

’ ey

TOAAQTIANC LaopoU  dUo mivaxkwv (Moapd&ptnua A) 1n Euxkieideia ombdbotoon de(x,y) TOV

ITLVAKWV OTHANCG X, y OUo mpottnov I, I, divetal oamd Tnv oxéon
de(x,y) = [(x-y)T(x-y) ]2 (2.1.2)

Av N<3 16t1e pnopoUle Vvo TOPACTHOOURE T JOLovUOUXTA TwV HTPOTIUNWV OTOoV QUOLKO
XOpo. AKOAOUOwC Oa doUue éva napdde lyua mpoTtUnwev mou €lval dtopa yloa To omola
petpbdue o000 yopoaktnelotilk& mou e{val 10 P&poc kol 1O UYog. OL TLHEC TV
XOUPOAKTINELOT LKAV Y0Ia Ao To IpdTUNN IIoU petpndnkav delyxvovial o1to arkdAoubo mivoxra

2.1.

I (mpdtumo) |Y (UGyog og €k.) B (R&pog o¢

K LAK)
i 185 85
2 185 82
13 182 115
4 180 80
15 178 78
116 175 112
7 171 114
18 160 58
9 160 55
10 155 62
mi1 150 85
12 150 82
i3 145 84
114 143 80
ODivaxkag 2.1




Ta oaviioctolXxa dLaviCHATH TwV HOPOTUNOV YEAeOVIaL ©¢ Tivakeg oTAHANG

O6nwc TaPoKATW:

185 185 _[182 180)
[ [ *3 = 11150 [

S P
[160 y x14_[143

10 ¥X.2.1 mou akoAoubel palvovial Ta onueia TEAOUC TV O LOAVUOUATWOV

IOU VT LOTOLXoUVv og k&Be mpdIUNO.

T
T SO
L0 S
11 O s S o -
-0 I P ® .
A0 e

20 e

SxAuo.2.1.

Eotw 61l emibupolpe va katat&foupe ta npdtunoa pog o 1dfelc wg e€&hg: Bapelic av
B>80, eAappoUc oav BL80, UnioUg ov Y>170 kot kovioUg ov YL170. HNopatnpoUpe OTL
T &KPX TOV O LOVUOUATOV TV IPOTUNOV CUYKEVIPOVOVTIXL ot ouddec. To yeyovdg autd
opelAetat ot1t0o 6Tl T OSpoila mpdtuna  yeltvidlouv emeldn TH oavIloTOLYX
XUPAKTINELOTLK& TOUg £€xouv KoOvTLvotepeg TLUEQ (opdAoyeg OUVIETAYHEVEC TV
QVUOUATOV TOUC) Og OXEON HE TLC TLREQ TV XUPAKTINELOT LKAV TV AAA®V TIPOTUIWV.

Tia nmopddelypo n eukAeidela andotaon Dz Tov mpotUnwv I, I, gival

Dip = /(311 — %12)% + (x5 — X25)2 = /(185 —185)2 + (85 —82)2 =3  (2.1.4)

Kol n eUukAe(dela ambdotoon tTwv npotvnwov II1, II5 eivat

Dys = /(11 — X15)% + (x21 — X25)2 = /(185 — 178)2 + (85— 78)2 =9vV2 (2.1.5)

Apa n amdoTOOn TV AVUOPATWOV TV TPOTUH0V €{val éva podnuotikd XKplTApLo 1ING
opoldInT; dUo mpotlnwv. Ol opddeg mnou oxnuatilouv 1o npdtuna Afyovial
ouykevIp®hoel¢ (clusters). OL ouykevipdoelg dnuLoupyoUvial oarnd npdiuna ue
HOPPOAOY LKL opoldINIX. 310 Top&de LYHO  UAQ ol t1écoeplLC OUYKEVIPOOELQ
dnutoupynénkav and &topa o) pe B>100 x. B) pe B<K70 x. y) pe ¥<1.80p xot 70<B<100
K. KoL O) pe ¥Y>1.80p kot 70xk<B<100x.



O egvitoniLoudg TwV OUYKeVIphHoewv (clusters) mpotUnwv moU dNEULOUPYOUVIXL OTOV XQOPO

TOV TPOTUHWV €{val onuovilkOG Yyl TNV avayvoplon OpoTUNeY KAl aVvaeépeTdl ®C

npbRAnua  eUpeocng TV OUykeviphoewv  (clustering). H ocwoth emiAovyhn TV
XOPOKTINELOTLKOY 1mou pertpdue  via 1o 1mpdIund (feature selection) elivat
KaOopLoT LKAC onuoaciac vioa 1nv  eUpeon Twewv ouddwv TV HTPOTUNIWOV. TSUx VA
evdlapepduacTte yia mnpdtuna mou  Eéxouv Kamoila 1dtdéInta kol Pplokovial oe

nepLocdtepeg and pla opddeg. Tia nmopddelyupa tTa npdiuna Twv oaTduev ue Ulocg
peyaAttepo and 1,70 u avhxkouv oce OU0 OUYKEVIPOOELG. Avdhoyo oupPaivel kol ue
Ta DEOTUNN TV TmeldV Kol kKepouAalwv yvpoapudtov oénwg tov ‘A, ‘a’ /4 ‘Q', ‘o’ x.q.
H eUpeon 1tng ou&dagc 1 Twv ouddwv TV MPOTUN®VY MToU £€xouv ula TeALKH KOLVY
XOPOKTINELOT LKA LOdLdTNnTa (tToutdInta: label) amoteAel Tnv Tofvoéunon 1wV TpotUnwv
kot odnyel otnv ovayvhdpolon Toug. ITnv yevikhn nepintwon 1o npdBAnua 1Ing
Taélvounong eival dUokoAo kKUplwg AdOY® o) KOKAG E€TLAOYAC TV HPETPOUPEVOV
XOUPAKINEPLOT LKAV, P) peydAnc mnolxiAopopeiag Twv npotltnwev, Y)OopUfou, ) 1ng

aocdee Lag TOV 0plov TV KAXCE®VY OTOV XOPO TWwV TPOTUIWOV.

2.2 EcwteplkS yLvoépevo

Tia dUo mivaxkeg X = [x1, X2y e Xo,yer,xn]T, ROL Y = [ Vi Y2,er VYvrer ¥n]T TO

eonTePLKSO yvivouevd toug opliletal amd 1 oxéon
XToy =N %, 9 =X " y1+ X'y + -+ X, Yy + XN Yn=1X| |ylcos (8) (2.2.1)

Av N=2 4 N=3, 6 eival n xupth vovia nmou oxnuoatilouv ta dU0 dLaVUCUATA HE

T,
NV YEWHETPLKY évvolo. Av N>3, 6==cos'1§ﬁ% pe |x|=vxT-x 10 pétpo toU X.
TeUeTPLKA oV To dLdvuopa X éxel pétpo (ufAxkog) (oo pe tn povdda, To yLvouevo

Xy elval n oAyeBeLlKA TLUR TNC TEOBOAAC Tou ¥ emévw otnv £ubelo mou dLéPKeTal
armd 1o SL&VUouaX (popfac Tou X) Kol AfyeTal Impoonuacpévn amdéotocn (SY.2.2) .
OTov n yovia 6 Tov ¥ Xaly HLKeAivel To £00TEPLKO TOUC YLVOUEVO X+ ¥ aufdvel XKoL
peviotomole(tal 6TV Ta X Kol y Pplokovial otnv (dia gubela. AUTd onuolvel OTL

161e LoxUel n oxéon

Jj=1-%, y=A-x énou A € R kot Z=L=.. 2. N_3 (3 2 2

X1 X2 Xy XN

H oxéon (2.2.2) eilval oxéon ovoroyioc xal 10 €owteplkd yivdusvo umopel va

xpnotponotlnBel wg xplLthplo avaroyiag (6xL vnoxpewt k& Lodtntag) OUo mpoTUIWV.



-

<!
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TxAua 2.2.

2.3 Anooct&oeLg

Ex16g amd 1nv EuxAe(dela oambdéotaon undpyxouv Kol &AAoOL TUNOL QmooTdoE®V Of

SlLavuopat LkoUe  xhpoug. Av d(¥y) eival oamdoToon Oo TEémel yLX OO LOSAIOTE

diLdvuopa X, y, Z VO LRKOVOIOLOUVIOL Ol OXEéOeLlg:

d@y) =d@x)

d(xy) < d#z) +d(Zy)

dixy) =0

AvdEY) =0 x=y (2.3.4)

SuvnBetlg TUnmol omooT&oewv e€lval Ol TUPUKAT®:

a) Minkowski 1&&nc s

1/s

d, (X)) = [X=1lx — wl’] (2.3.5)
B) City Block
Eilvalr €10tk nepintwon tng Minkowski pe s=1
de(X¥) = Lh=1lxy = (2.3.6)
v) EuxAeideilx
Ei{valr €1d1xf nmepintwon tng Minkowski yia s=2

2 2 N 2]1/2 T 1/2
de(%,9) = [Zha @ =) =[x =" @ - p)] (2.3.7)
d) Chebychev
dr(%y) = max(|x, — ) (2.3.8)
€) Mahalanobis
dr(ZY) = dr(x,3) = (x = )" - Cov'' - (x — y) (2.3.9)

6émou Cov o mivaxoag ouppeTofAntdtntdc TV X KoL Y.
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oT)

Mn ypauutkrh (Non Linear)

{0 ov dxy) <T
H

dy(XY) = avd(xy)>T (2.3.10)

6mou H,T € Ruapdustpol tncandéctacnc xat d(X,y) uLo GAAD amrdoTaon ToU XOEOoU.
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KE®ANATIO 3

ME®OAOI TAEINOMHXHY - EKIIAIAEYXH ME EIIOIITH

3.1. Tafivépnon pe Péaon tnv andoctaon amnd toug K-yeitoveg

Mio omAf kol péBodog tafivdéunong evdg mpotUmou x Paociletal otnv eUpeon
TOU KOVTILVOTEpOU YvelTovd TOU TOU OVAKEL OTO opXLlkO OUVOAO MPEOTUNWY YVWOOIACQ
xkA&ong. ITUpewva pe Tnv pébodo av x.° elval o yveltovag oautdC KAl OVAKEL OTNV
xkA&on C, 1d61te 10 X Ttoflvopslital otnv kAdon C. H uébodog Loyxupomoleslital av
AdBoune uvndyn meplocdtepoug amd évoav yeltoveg oe mepLlttd xotd mpotiunon apLbdud

K xol arnod®ooupe oOT0 X tnv kKA&oOn 1tng mAeioyneiag autdv.

% K nearest neighbor’s classification example in Matlab R2018a
load fisheriris

x = [4.8 3.5 1.5 0.2];

[idx D] = knnsearch (meas,x, 'k',3);

species (idx)

D

% Result Presentation

plot(meas( 1: 50,1),meas( 1: 50,2),'ro');hold on;
plot (meas( 51:100,1),meas( 51:100,2),"'go")

plot (meas(101:150,1),meas (101:150,2), 'bo")

plot (x(1),x(2),"kx")

plot (meas( idx,1),meas (idx,2), "k+")

O oAydplBuoc TV K mAnolLéotepwv veltdvewv (KNN: K-Nearest Neighbors) e{vat
axpLBHC KOl anAdc otnv vdomolnon Tou. INPAVI LKA PeLoVERTAUATE TOoU gilval n
dlLatAPNON OTNV PVAUN TV MEOTUN®V TOU OUVOAOU €KNA({dEUONC KOl O UIMOAOYLOPOC TV

anmocT&oewv Tou unmd TafLlvoéunon mnpotumou oamd autd Tou ouvdbAiou exnaidevonc.
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Yo&pyxouv mpot&oelg yia tnv PBeAtlwon 1Tov dU0 aUIOV PeLOVERTNUATWV. ELdLKE yix
ToVv unoAoyLloud ITng €Upeong TOV KOVILVOTEPWV YVELTOVOV ETLOTPATEVETAL O aAyOp LOuoC

k-d tree

3.1.1 AvayvopiLon pe Baon 1Ta KEVIpAa TRV Tdfewv

Elval pla anioilxh pébodog avayvoplong ue €adutn oUReoVA e Tnv omolo Kot
Tnv expdbnon uvmodoyiletal n péon TR tng k&Oe xrAAONC (kévipo Tng kA&ONG) .
K&Be véo mpdtumo tafilvopel{Tal otnv KAKON IOU TO KEVIPO TNG améxel Alydtepo amd
10 mpdéIuno. AV T 10 mAR6oC Twv T&fewv pe kKEVIPA He, t=1,2,..,T 10 mPpdIUNO uE
nivoka x amodidetal otnv KAJOY n?n(d(xJ&)). H egurieideia oambotoon de(x,pi)? = (x-
Bi) T(x- pi) =xTx-2xTp+pT™p. Tia tnv oUyxXpPLon TV onooTdcewv 1ToU X omd TLG KAKOELG
i kol j apxrel o unmoloyLopdc 1ng SLapopdc TOUC

dis=dg (x, 10;)? =g (x, ) = 2x"(u; — ;) + i — pip . (o)

Etol n oUykplon amalttel x&Be oeopd xuplwg ToV UmoAoyLloud TOU €0WTEPLKOU
vivopévou xT(pi-pi). Av dis=0 161¢ n oxéon (o) mneplypdpel 10 vUnep-enimedo mouU
elval peookd&Beto 01O €UBUYPUUPO TUAMX HE AKPA T KEVIPA TwV KA&Cewv. H puébodocg
auth pnmopel vo elval amodot Lkl Otav oL KAACELQ £XOUV TN HOPON UIEQ—-0QXLPOV HE

akT{veg pLxkpdrepeg TNC NELamdOTAONG TWV KEVIPWV TOoUug (Zx.3.2).
(A) B

(r)

sxHuo 3.1.1.
A) OpBbH TafLvéunon
B) EocopoaApévn Tofivéunon Adyw Tng ouppeTaBAntdinrtoag, mpotelivetol n
xphon 1tng amdéotoonc Mahalanobis

T') Ecpodpévn toflovounon AdOyw Ing HOPeHC TV KAXCE®V
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3.2 Tafivépnon oe 300 KAACELG PE YPOHHLKA SLAKPLT LKA ouvaptnon,
o veupodvag Perceptron.

O vunoAoyLopdg TV amocTdoewVv €(val UToOAOYyLOoT LK damoavnpdg KoL OTnv meplmtwon
Tou KNN pvnuofdpoc. Mia &AAn mpocéyylon uUmoloyLloTLlk& TaxUTepn pe uLrpdIreped
QU LTHCE LG PvAuUNe vyioa tnv dlradlxkaocia tofivoéunone umopel va PRoaoclobel otov
dlaxwploud TV KAXCEWV UE YVPOUURLKEQ DLAKPLTLKEC OUVUPTACELC. AV X To dlAvuoua
OTAANG ToUu meplypdpel éva mEOTUNO Kol W O LAVUCUN TUPAPRET POV, x;u*EiRN,WO ER ne
N 10 mAABOC TWV XUPAKINELOTLKOV, I OXEON

d(x) =wlx +w,

amoteAe{ pla ypouptlky dLaxkplTI Lkl ouvéptnon. Av d(x)=0 161e %X Pploketal o pla
eubela ov N=2, ocg éva enimedo e€&v N=3 11 éva vumepenimedo yia N>3. H d(x)=0
xwpllel tov RN oce 8Go pépn. To H*={x/x, d(x)>0} mou mepllappdvel OAa T X IOU
Kb LoToUv tnv d(x)>0 kol 1o H- mou mepltiouPdvel 6Aa T X mouUu KabLoToUv Tnv
d(x)<0. Av 10 &vuoua w TV TUPUURETEPOV €Xel KAT&AANAec TLuég €10l OOTe TO
npétuna tng plag xkA&ong va Bplokovial otov éva pépocg (mx HY) kot tng &AANng oto
dANo, 1oTEe éva GyvwoTo mpdtuno x’ TaflvouelTol pe kpithplto tnv TLphg 4d(x’), ov
Snaadh d(x’)>0 A d(x’)<0.

AKOAOUBWC B0 OPOUC LACOUNE TO HUPAIAVK KAl AKOAOUOWwC Tov odydplbuo eUGpeong
TOV W KXL Wo yia N=2 @dote va €{val dUuvath n OXNUOT LKA KAl YVEQUETP LKA avaIapdoTaon
o010 enimedo. AuUutd dev katopyel tnv vevikdéInta via N>2 xal Bondd otnv ratavdnon
Kol BedHpnon TOoU ImPAYHOATOC YVEMUETPLKA.

H gubela (g) oto 8Xx.3.2.1 xwpllel 10 euimedo ocg OUo nuienimeda r&Oe £Evo
TOv omolwv mepléxel KoL pla KAGon. K&Be onueio 1tng eubelag eival 1o mépag e€vog
Slaviopatoc X (X1, X2) 1OU Lkavomolel 1nv e£fiocwon tng eubeloag mou elval

Wi X1+ Wy X, +wy =0 (3.2.1)
iy
d(x) =0 o6mou
dX) =wy - x;+wy-x,+wy =Wx+w, (3.2.2)
ne X =[x, %) kot w = [wy,w,]T
Ta dlLaviopata eival €AelBepa Kol avAKOUV oOg KA&Ce L ¢ Looduvaplog. AV Xa KXl Xs

avhxkouv oInv eubela Ba LoxUGouv ol OxéoeLg

wix, + wo = 0 Kol (3.2.3)

wixg + wo = 0 (3.2.4)

and oémou pe aeaipeon roatd& péEAnN mpoxkumtel OTL

wl (Xa-x%x5) = 0 (3.2.5)

H oxéon autyh delxvel 61l 10 &dvuoua w €i{val k&Beto otnv egubelo (f 1o emimedo
av TO X OoVAKEl OTov TPpLlodldotato X®po). OAa Tt onuelo Tou evdC nNULENLIIEDOU
kB LoToUVv tnv d(x)>0 kol 1oU &AAOU nuiemimédou Tnv d(x)<0. Hphyuotl, oV Xg TO
onuelo mou téuvel n k&Betog () mou &yetal amd 1o onuelio x ornv eubela (g) Bu
Loxvuelt:

d(x)=WIX+wy =Wl (X—Xy+Xo) + Wy =W (X—Xy) + WXy +wy=wl(x—xp) =

d (x) = |wl||x — xq|cos(8),
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ov X —Xg elval opdpporno tTouWwW 161 6=0, cos(6)=+1 koL d(x)>0,

avX —Xgelval aviippono touWwW td61e 0=1, cos(0)=-1 koL d(x)>0

SxAuo 3.2.1

Suvenoc av d(x)>0 1o mépac 1tou X Bploketal oto nuienimedo mou delxvel 1O
dvuopa w (HT) evd av d(x)<0 1o mépag 1oUu x Pploketal oto &AAo nuieninmedo (H).
d(x)

lwi

Elval eniong mpopovéc mwg n moocdinta e{val n mpoonuocuévn ondoToon

Tou x and 1nv eubela (g).

ZntoUue ouvendg va RBpolue Ta KATEAANAX W KOL Wo Yl T d0BEVIN YyVWOTA X IIOU
avAxouv otl¢ dUo kKA&oelCg. Evag tpdmogc vo yivel autd eivoal plo emoavoaAnmT LKA
dLadiracia dLdpbwong ocedAuatog mnou Boa neplypdPoupns oKOAOUBWwG Kol AéyeTal
exnaidevon tou TofLlvountn.

Tia TNV amioUcTepn Ppadnuatlikhy dLaTUnwnon Tou unxaviopou JdiLdpbwong 6Ha
Bewpiooune TOoUC enauinuévoug mivoakeg TV HTPOTUNOV. H vypouplkh OLAKPLTLKA

ouv&dpInon B ypAeeTAL WG AKOAOUOWC
X
dx) = wix +w, = [wT,w,]- [1]

dx) = wT-%

w=fu]. x=[

Av dnAadh O XOPOC TV MLVAK®V TV IeoTtUnwv €éxel N ditaotdoelg, oLl oxéoelg
B ypopoUv otov Xopo RN mou éxet N+1 diLaoctdoelc.
Eotw 6Tl o emébming enitbupel d(x2)>0 kot d(xB)<0. Apxlx& o1o w amodidovial

Tuxalec Tipég xal mibovoétata n d(x) dev dtaxwpilel TLg KAGoeLc. H Boaoikh L16éa
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tnc expddOnone eival n d16pOwon Tou uUmepenlnédou W!-X=0 k&be @opd MmOU KAMIOLO
TpOTUNIO TAfLVoue (Tal €0QUAREVE QOTE TEALKA va aehvel 1o mPdTUNO MPOG TNV NA£UPX
nou Bploxketal n xA&on tou. H d1dpbwon auth vivetal oTuonva pe Inv oxEon
W(t+1) =w() +p- % (3.2.12)

Onou t évoag petpnihg emavéAinyng, t=0,1,2.
To nmpdéonuo (+) xpnotpomotieitoatl o6tav tofilvoueital A&Bog éva mpdtumo Tng KAAONC
A kot (=) Tng xAdong B. H moodtnta p AfyeTol TmopAuetpoc 1 pubudg exuddnong xol
noipvel pLkpég tTLpég oto dLdotnua (0,1), m.x. p=0.2.

O unyxoavioudg PacileTtal oto yveyovde 611 n moodinta p XTx eival mdvia BeT LKY

dip1X) =W+ DT - = (W) +p- DT - T=d(x) £ p-XTx) (3.2.12)

n d16pbwon petafdArel TNV gopoAuévn anmdoTaon TOU TPOTUNOU HIPOg TNV HTAeUpd ToU
nuitentnédou 1tng KA&oONg Kol odnyel enavoAnmT k& oT1o enmibuuntd omoTéAsoua. H
mopduetTpoc e pubuidletl 10 PBAua d1dPOwoONC KAL TNV TAXUINTta OoUYKALONG (IX. 3.2.2).

To nopomndve TopoucLdlovial aKoAOUOwC Pnuot Lk&.

BAua lo: APXLKONOLACELG:

Opiloune éva petpnthy enovéanynce t=0,1,2,3,... kol TOoU amodidouues apXLlk&
Tnv TP pndév. Anodidoups tuyaliec (ouvhBwg BLkpEéCc OeTLlkEéQ) TLHEC OTO AVUOUX
w(0) =[WDMQ,N,WNJNJ, dnutoupyoUue ta emoauénuéva dLaviopota  Tou  ouvOlou
exnoidevuone X = [x,1] kot Begwpolue TNV YPOUP LKA S LAKPLT LKA ouvdpinon DX =wT(t)-
X. ZntoUpe xatd oUuPBaocn D(®4) >0 xat D(X5) <0 (umopotue xal 10 aviibeto).

BApa 2o0: Auf&voupe TOV petpnty enovdAnyng Kol emilAféyoups éva tuxolo
npdtuno ue mivaxko X, amd 1o oUVOAO ekmaidsuong kol unodoyiloups tnv moodinrta
Di(X). Av 10 mpdtumo eival ocwotd Tafilvounuévo emovoadaufdvoupe 1o BARA 2 0AALOQ
dlopBavoupe ta Papn oUUewva Pe TNV OXE0n

Wit+1) =w(lt)+p-X (3.2.13)
H xowplc tnv XpHon enauinuévov S LoavUopdTev
wt+ 1) =w() £p-x kat wo(t+ 1) =wy(t) xp
Me (+) av 10 mpdtumno avhkel otnv kKA&on A, ue (=) otnv xAdon B.
BAua 30: Aufdvetal n TLluh ToUu t Rat& éva kot 1 dlLadlkacia emavaiappfdvetoal

and 10 BAua 2 egwocdtou SAa Tta mpdtuna va Taflvounbolv cwot.
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(E—_+1) —>w’ {t+ﬂ: x=0

{Ei) —>w’ (t)T x’'=0
x!
H
H*

px’

H‘,w' (t+1l) =w’ (L) +p'x’

w'(t)
SxHuo 3.2.2
( To oUuPoAro (') £€éxel OVTILKATUOTACEL TO OUPPBOAO (~) OTO X KOL W)

TTov aAydpLlBuo 1o dvuoua x emlAéyetal tuxaloa k&Be oopd xal yiL' autd Bewpelital
oToXooT LkOC (stochastic). Amodeixkvietal 6Tl Vvia dUo ypoauplkd dlaxwploiuecg

kA&oe g o odydplBuoc odnyel médviote o AUON VI KATHAAANAX PLKPNH TLPH TOoU P.

YAomoinon pe MatLab.

function [ weights ] =...
perceptron stochastic( trset,class labels,...% +1 or -1
learning rate,error tolerance )
ftrnum=size (trset,1l); % feature number
N=size (trset,2); % vector number

w=rand (ftrnum,1l); wO=rand(l); % Weights initilization

while sum( sign(w'*trset+w0)==class labels ) < N-error tolerance
i=randi (N)
X = trset(:,1);
d = w'*x + w0;
if( d*class_labels (i) < 0);
w = w + class_labels (i) *learning rate*x;
w0= w0+ learning rate*class_labels(i);
end
end
weights = [w; wO0];
end

e moapduolo amotéAsoua odnyoupacte e&v Bgwpnooupe 1o HNPEORANUa £UpPeong TWV
Bapdv wg mpdRAnua BeAtiotomolinong (optimization) upiag ouvdptnong xdéctoug K(W).

Mia tétoLlax ouv&pinon elival n
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K(W): RN S RY pe K(W) = Y 8E)DE) = Y 8E)WTK

6mou S 10 OUVOAO TV dLaVUOPATWV ToU Toflvoundnkoav A&BOG KL

_ < +
Max €S, S(X)zsign(D(f())z{_i_i woxe g_ (3.2.14)

H ouvéptnon K(W) expp&lel ouociLaoT L& TO OUVOALKSO oopdAua TafLlvoéunong Kol
elval katd tTpApOTa ypauulxn ouvdptnon. H BEATLOTn AUOn 10U HPOoPBAfuUaTOog £lvol 1
eUpegon avUopatog Poapdv W dote KW)=0. Av t=0,1,2,.. xat W(0) sivoal npioa apxLkn
TLuR, n TLpR Tou W umopsl va mpoosyyloBel emavoAnmT LKA pe Tnv ue tnv uébodo

ING €mLKALVOUC Kat&fBaong (gradient descent) oUpewva ue tnv oXéon

WwE+1)=wt —p = W(t) — p Tres S(ROF (3.2.15)

a_K|T
oWl ()
H d16pbwon vivetal aeol ylia 10 oUvodo S kol n dlLadlkacia exnaideuvong

xopaxktnplletal wg exnoideuvuon oéoung (batch) .

YAomoinon tou Perceptron pe exnoaideuon rath déoueq

function [ w ] = perceptron batch( trset,...% To oUvoAo exmaideuong

class_labels, % n KAQoOn mou avhkel 1o k&Be mpdtumo, -1 H +1

learning rate, ... % o pubudc expddnong p

error_tolerance % I[ANBoc mportUnwv nou umopel vo Tl lvounboUv AdBocg
)
vector num = size(trset,2); % To mAndoc twv dLavuop&twv (trset columns)
feature num = size(trset,1l); % To mAAOOC TV XAPAKINPELOTLKOV (trset rows)
X=[ trset; ones(l, vector num) ]; % Enodfnon diavuoudtwv
w = rand(feature num+l,1); % Apxlxonoinon Twv Boapdv pe TUuXolec BLKPEC TLREGQ
while true

Dx=w'*X;

flag mscl vector = sign(Dx) ~= class_labels;

if sum( flag mscl vector ) <= error tolerance; break; end

msclSet = flag mscl vector.*X;

deltaX = -class labels;

%loss= sum(deltaX.*Dx.*flag mscl vector);disp(loss)
S = sum( msclSet .* deltaX, 2);

w = w - learning rate * S;

$ ———=- Ixedlaopdc TNC dLAXWPLOT LKA YPouung,

% cpapudletal pdévo yvio dU0 XUPAKINPELOT LKA

% GANDC mpémel Vo apxlpefel (wg oXO6ALO0)

t=[-2 8]; 1l=-w(l)/w(2)*t-w(3)/w(2); h=plot(t,1l,'k--");

pause(.1l); delete(h);

end % of while loop

end % of function
Eilval xpholpo va eopopupdooupe otnv TLun tou abpolotny o=D(.) 1nv ouvdpinon

npoonuou 1 TNV Bnuartikn

Bnuatixy 0/1 (step function 0/1):

(0 av o<0
f(a)_{l av 0=0
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Npoohuou -1/1 (sign function -1/1):

(-1 av 0<0
f(a)_{+1 av o=0

Ghote vo Kwdlkomotlslital k&Os rA&on m.x. pe  +1 av d(x2)20 kot 1o -1 A TO 0 OV
d(xB)<0. H ocuvoptHoelc aUTéC AEYOVTIAL KXL OUVOPTACE L ¢ evepyormolinong (activation
functions). Koatdémiv ToUTwV UHOPOUUE VA HTUPACTHOOUHRE  JLAYPOUPAT LKA  TOV

T lvounty onwg deixvetal o010 Ix.3.2.2.

+1

O ypoauptkdg tafilvounthg eilval &éva anAd POVIEAO TOU PBLOAOYLKOU VEUPOVA KAL
ovou&obnke veupdvag perceptron. Ipotdbnke apXlk& oamd toug McCulloch kol Pitts
via duadilkéc tipéc (0 11 1) otnv eiocodo xalL tnv €£odo. OAoKANEOONke omd TOV
yuxoAdyo F. Rosenblatt, xal amoteiel{ 10 doplxkd otolXelo TOV TEXVNTOV VEUPWOV LKOV

SLKTUWV (TNA) mou pmopel va amoTeAoUvial omd €KATOUUUPLA VEUPAVEQ.

[1] McCulloch, W; Pitts, W (1943). "A Logical Calculus of Ideas Immanent in Nervous Activity". Bulletin of Mathematical Biophysics. 5 (4): 115—
133.

[2] Rosenblatt, Frank (1957). "The Perceptron—a perceiving and recognizing automaton". Report 85-460-1. Comell Aeronautical Laboratory.

3.2.1. H nepintwon noAAdv KAACEWV.

ftnv neplntowon mou 1o OANBOC Twv KA&GCswv elval M>2  1dt1e Oo mpémel Vo
XPNO LUOMO LACOUNE TePLOCOTEPOUC TOU €VvOC YPUUURLkoUg Ttaflvountéc. Mia meplmtwon
elval va dlaxwploouupe ypouulrd k&Be T&En oand tTig¢ undroimeg (e&v autd elival
€PpLKTO) pe M 1o mANOOC YPOAUULKEC JLAKPLTLKEC ouvapthoelg. Av dy(x)=w,T-x+c>0,
p=1.M, otav 1O X OvhxKel oOtn kKA&on Cp (Zx. 3.2.1.1), té6te €éva npdiumo avhKel
otnv xA&on Tng omoloac n ypopplky dlLaxkplTlkh ouv&ptnon duy(x) elvol BeTikh. ITnV
neplontwon vidomoinong pe NA kol  Bnuatikp £€£odo 0/1 1o &yvwoto npdIUmo
taélvouelital otnv KA&ON mou O oavI(oTOoLXOoC veupdvag €xel £fodo 1. Mia TétOoLld
IpooéyyLon o6mwg deixvertol oto oxApa. Ix. 3.2.1.1 eivoal duvatdv va amodhdoel Eva

npédtuno oe xoapla 1 og modArég 1&éeLc.
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https://www.bibsonomy.org/bibtex/13e8e0d06f376f3eb95af89d5a2f15957/schaul

N, >
X N, —>
N; —»

¥x. 3.2.1.1

Evagc &GAANoC¢ TpOMOC OGVILPETINILONG TOoUu mpofAfuatog clval o dLaxwplopds Twv
kA&oewv avd U0 ad LaQopdVING YLIa TLg undrolneg. To npdtuno anodidetal o e€relvn
Tnv kA&on mou £€xel M-1 0OeTlkéEQ TLPEQ OTLQ OLUKPLTILKEG OUVOPTAOCELC TOU Tnv
xwpllouv and TLg uvndédiolneg. H pébodoc auth eilval UMOAOYLOT LKA TOAUMAOKN OTNV
nep({ITwon TV moAAOV KA&GoewV oxAua 3.2.1.2. TéAOCQ av Ol SLAXWPLOTLKECG e LOAVE LEC
elval énmwg oto oxApa 3.2.1.3 amoeeUyetal n Unopén dLeopoUuevwoV HTEPLOXOV OTO
XOPO TWV TPOTUNWV. IJIUVOUAOUOl YPUUULKOV [ KAT& TUAPNATA YPOUPLKOV THELvountov
ne Tnv xpenon dLaedpwv ouvapthocwv otnv £€£odo éxouv mpotabel omwc eival ta NA
ADALINE, MADALINE ol upnyxovécg enmitpomnig (COMMITTEE MACHINES) k.o. ITQ CUOTHUATO
autd dev Ba avaeepboUue evdeAexOg dedopuévou OTL 1 KeEVIPLKY 1O NG AgLtoupyloacg
ToU koAUnmtetal oamd ooa ovoeépdnkrav péxpl TOpa. e endpevo KeehAalo Oa
nepLYPAYoOUlE CUCTAPXTO MOU amoTeAoUvTal arnd dLladoyx k& enimeda taflvountdv (MLP:
multilayer perceptron) pe nopayey(lolpeg OUVAPTINOELC €vepyomoinong yio Inv

en{Auocn un ypoupLlxkodv mpoRAnudtev.

5x. 3.2.1.2
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d3(X)>O, d1(X)<0

d1(X)>0, dz(X)<0

Sx. 3.2.1.3

3.2.2. H nepintwon tng XOR, tafLvopntég moAA@dV emimédwv

Otov 1o mpdPAnua tng Tofivéunong aeopd mnepLocdtepeg amd dUo KAACELC 1§
6tov oL xA&oelg dev gival ypouptkd draxwploipeg, eival duvatdv va emilteuxBoUv
AUoeLlg  ue KUT&AANAOUG  oUvdUaonoUCg  YPOUU LKAV Taé Lvountov . Mia TéT1O0LlCX
XAPAKINELOT LKA mepintwon e€l{val outh Tng Aoy LlKAC nUAng XOR 1ng omolag o mivoarog

ainBeloag deilyxvetal otov IMiv.3.2.2.1.

A B A XOR B
0 0 0
0 1 1
1 0 1
1 1 0

Divaxag 3.2.2.1.

SUpewva pe autdyv ol oUuvdUaouol Twv TLPUOV TV AOYLKOV petoBAntdv o, B
armoTeAOUV Té0Coepa NMEOTUNN MOU meplypdeovial amd Ta dLaviouaTa oToLlXE lov ouvdAou
Q={(0,0), (0,1), (1,0), (1,1)} xot n mp&én o XOR R opllel TLC KAXOELQ
Co={(0,0),(1,1)} xaL Ci={(0,1),(1,0)}. 310 3X.3.4.2.1 oalvovialL T &KPX TV
dlavuoudtwv oto E2. Eival mpopavég 6TL ol kA&oelg Co, Co dev dlLayxwplilovial ue
pLa  eubela. O dlLaxwplopude Twv KA&Goewv umopel va vyivelr pe dUo eubelecg
(5x.3.2.2.1) mov opllouv plta {Odvn oto sowteplkd tng omolog PBplokovial T HEOTUIN
™ng xKA&ong Ci. H egubBela (€1) pmopel va mpoodloplotel amd évov ypapulkd Tof Lvountn
T; mou 6o dlLaxwpilel 1o mpdtumo (1,1) amd ta vndbroilma. H eubela (&) umopel va
npoodloplofel amd Eévov ypouplkd TafLlvounty T, mou 6a dLaxwpiletl 1o mpdiumo
(0,0) omd ta uvndlolma.
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N
RN

(£2)

SxAua 3.2.2.1

OL é&odol Twv Ti, T2 6a elval oL TLHEEC TOV OUVAPTNCEWY O1=f(X), 02=f(X) VvL.a

X € Q kol £ Tnv ouvdpInon OPOCHUOU Onw¢ eaivovial oTov akdioubo mivaxka 3.2.2.2

X1 X2 01 O2 KNAAZH
0 0 +1 -1 Co
0 1 +1 +1 o
1 0 +1 +1 o
1 1 -1 +1 Co

Di{vaxkoag 3.2.2.2

OL TLuég TV O1(x), 02(x) oamoteloUv éva vEOo OUVOAO HPOTUNOV
é={(+1,-1), (-1,+1), (+1,+1)}. Eto &x.3.4.2.3 oealvetalL o xdpog 1TOoU &. EvOC
veouuLlkée toftvountic T umopel va mpocodiopiocel tnv €. To 6Ao oUotnua oaivetol
OTO0 $%X.3.2.2.3. ApAvetal oov &OKNON OTOV OVAYVOOTN O UMOAOYLOUOC TV CUVAIIT LKOV
Bapdv tou NA TOU OXAUXTOC 3.2.2.3 He YPOUUULKEC OLUKPLTILKECQ OUVAPTANOE LG OMWG TWV
eube OV TV oxnudtev 3.2.2.1, 3.2.2.2. llpocéfte napatnpdviag tov nivakx 3.4.2.2,
O6TL 0 évoag veupdvag ToU KpueoU emlmédou vdonolel tnv AoyLlkh nmp&én OR (o+f) kol

o &AXoC TNV Aoy Llkh mp&én AND (o-fB).

(e)

$X.3.2.2.2.
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d(x)

£Y.3.2.2.3

Me 1 xpHon neplLooOTEPWV VEUPHVOY MNOPATeTAYREVEOY Og eninmeda OnwGg OTO
$¥X.3.2.2.3 OdnuioupyoUue mnoAvenimeda dSlkItvua perceptron (MLP: Multi Layer
Perceptron) mnou umnopoUv va dlaxwploouv kA&oelg un ypouulrd& dlLaxwploipec. To
enineda avaupeoa oto enimedo €10ddOU TOV TLPOV TOU avUOUXTOC X KOl TOU EMLIIEDOU
TOV Vveupdvev €&bdou, ovoudlovial kpued enimeda. To veupwvikd dIkKTUO TOU
¥.3.2.2.3 éxel éva xpued cuimedo dUo veupdvwv. O dlLaxwplopdg uUn ypoauplxd
dlaxwplotlpwv xA&oswv pe 1nv xpnon MLP énwg mopoucldodnke péxpl TdHpo, amalTel
Tnv  nopéuPfaocn ToU  ovBpdhmou oxediaotn kol dev  eglvoal  pLlo YEVLIKO KAl
autouatonolnuévn dladlkaoia. OL mepLocdtepol aAydéplLOuol exknoaidsuong Paocilovial
oInVv €Upeon TOU €AoY (0TOU PLAC KATAAANANG oOUvAPTINong KOOTOUG TWV OUVAIT LKOV
Bapdv. Mia tétola nmpooéyylon RBaoiletal otnv katdPBaon aviideta and tnv kAlon tng
ouv&pinong AUTHC (gradient descent) . Ol Bnuat Lxéc CUVOPTHOELC Iou
XpnoLpomo LHdnkoy péxpl TP dev elval ouvexelg oto undév xroal £€xouv undevikEéQ
IOPAYOYOUQ YLla TLC &GAAEQ TLuéCQ. AANEC OUVOPTNOELC Tmopaywylolueg og O6A0 1O
nedio oplopoU TOUC UmopoUv Vo XPENOoLuomolndoUv Kol vo dOOOUV LKAVOIIOLNT LKA AUON

6nwg Ba doUue akOAOUBWC.

3.3. IHoAveninedoL tafivountégc — ALé6pOwon cpdApatog pe
onitocBodadoon (Back Error Propagation)

O perceptron ov Kol €VIUN®WClace pe TNV opoLldTNTa mou euedvile pe T BLoAoy Lk
VEUPWV LKA O{KTUx €V ToUTOoLg deV unopoUcoe Vo €mLAUOE Ll oUTOUATH okOUN KoL ommAd
npofBAfuaTa. T'la meplocdiepo omd plo derAeTia 1) €QAPUOYN TOU Kol TO €EVIOVO
epeuvnTILRO evdLapépov atdvnooy oAAd dev eykatoAe (Onkov. OL Roumelhart et all3]
npdteLlvay pla véa exkdoxn MLP TNA mnou ¢dwoe peydAn o@bnon otov oviiotolxo

ernLotnuovikd medlo.

[3] Rumelhart, David E.; Hinton, Geoffrey E.; Williams, Ronald J. (1986a). "Learning representations by back-propagating
errors". Nature. 323 (6088): 533-536.

TTnv véa auth €xkdoXN 1N PNUAT LKA ouvaptnon £&6d0ou avilkab{otatal amd ouvexelcg
KOl mopaywylolpeg ouvaptnoel¢ mou tnv npooeyyllouv. Tétoleg OUVAPINOELCQ glval
oL ardroubec:

e JSiyuoeidng-Aoyiotiky (sigmoid logistic):
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f(o) = —— (3.3.1)

1+e—ac

H moapduetpog o Aéyetol nopduetpoc kAlong (slope) 7 Aoédtntog, (Zx.3.3.1)

a=8

SxApa.3.3.1

Af{leL va avapepbel o711

fl@)=a-f(0) (1-f(a)

Apa yvia y=f(o), y'(c)=a-y-(1—-y)

e Xiyupoeldng-YnepRoAlky epamtouévn (hyperbolic tangent):
1 _ e—ao‘

f(o) =tanh(o) = m

SxApo. H ouv&pinon Ing UnePPROALKAC £ooumtopévng yio a=2

e Suvdprtnon pdauno¢ (ramp function): f(0)={2 Z: g;g = max (0, o) .

Ovoudletal kol (ReLU: Rectified Linear Unit). H ReLU xpnoiLuomotleltol
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KOAT& KOPOV OTX OUVEALIKT LKA VEUPWVIKE OIKTUx TOU Ha mopouclacbolv o€

endPeEVO KEQEAAXLO.

SxAuo: H ouvdptnon RelU.
H

XPHon 1Ing f(x) OLegurOAUVEL TNV €QoPUOoYH HLag pedddou eAaxlotonoinong 1Ing
KAT&AANANC ouv&ptnong xk6cToug. O Texvntdg Veupdvog €xel TOPX TNV HOPEH TOoU IX.

3.3.2

To
6A0 NA
onwg Oa

Sx. 3.3.2

napouctacHel xrot OBa ovodubel axoloUbwg PRociletal ota nopomdve. Elval évog
noAveninedog perceptron Kol ovoupdletal Adyw Tng upedddou exmaideuchg tou, NA
Back error propagation 7 yia ouvioula Back propagation. 310 veupwvird diktuo
undpxouv enimeda dnAadhy ouddec veupdvwv, NAANPG Odlacuvdedeuéva petofU TO0OUC
x.3.3.3. H €fodoc x&Be veupdva evog emluédou eLoépyxeTal ot k&Be veupdhvo TOU
gnduevou enitunédou, pe aviiotolxn ouvoyn (B&pog) 3x.3.3.2. OL TLRég TOU mivoko
€106d0U amotTeAoUVv 10 enimedo e€106dou. Exktdc and 10 enimedo e1obddou undpxouv Z
10 mMARBoc¢ embdueva dLadox LKA emimeda, 1o TeAevutalo twv omoiwv ovopdletal emuimedo
€E66ou. Ta enimeda mou evdexopévwg undpyxouv PeToéU TV eanlaédwv €L10b6d0U KoL
€E6060U, Aéyovial xpuod enimeda. T'la Tnv aplbunon Twv enlnédwv O XENO LUOMIO LoUUE
Tov degixtn ¢ ue tlpéc (=0,..,Z2, pe (=0 via 10 €muimedo e€L06dou kol (=Z ylo TO

enimedo €fddou.
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Kpugpd Kpugd Kpugpd Emrimedo

Emiredo
Emitedo =1 Eritedo (=2 Emitredo ¢ E&odou, (=Z
Eio6d0u _ SR z
“ S
% O
XN (, - \L ’/7 - .
| N S
MAnBog MARGog MARGoc MARBog
Neupwvwv Ny Neupwvwy Ny Neupiviv N Neup@vioy Ny
ax.3.3.3.

$1o IX. 3.3.4. oalvetal ovoAUT LKA éva veupwvLlkd 6mou 10 npdtuno €1oddou €xel
dU0 YUPOKINELOT LKA [x1,%X2]T mou eloépxovial og &éva xpupd eninmedo dU0 VEUPLVWOV
oL éfodol TV omolwv gival gilcodol evdg emdbuevou emluédou pe tpelc veupdveg,

Kol enimedo e€&ddou pe dUo veupdveg, OUo0 TeALkég e€&ddoug.

R ,

M
C
<
| &
ol—»iyi 1R
1 1 ! Q
Vo A=
:f(Gz} ) 31 éﬁ
oy —» Y2 /21 3
=1 [ 3 g

ol y

P |
[N 5 y?
WZ
1° kpud6 enimnedo, (=1 2° kpu o eminedo, =2 Emirnedo €€660u, (=7=3

Ux. 3.3.4. AvaAUT LkO dLb&ypoauua evdc moduenimedou Perceptron (AVILAATTWE)

ovopd&loupe N; 1O HANOOC TV Veupdvwvy evog emimédou (. Q¢ €k TOoUTOU IO MANOOC
Tov otolxelwv tou mivaka e£1oddou x elval Ng xol tou mivaxka £&ddou y elval Nz.

Av v egilval deixing yvia aplbunon Tov veupdvwov ToU enimédou (, 1d61€e oLl ouvdleLg

TOU OUVOETOUV évov Tivaka YPUUUNG Wf, Kol v delxrIng via tnv apldunon tov veupdvwov

ToUu mponyoupévou entnédou (-1 mou amoteAeltol and N¢-1 veupdveg, 10TE

S _ ¢ ¢ ¢ ¢
w, = [Wvl,...,WVH,...,WV,NM,WVO]

¢

H £8odoc tOU abpoloTn TOU veuphdva Ba gival 0o,
- g1 _ T
o5 =ws -y ue y —[)71=~'9pr1 1]

H teAlx)) €£odog TOU vsup@va,yf npoxkuntel and TNV OxEon

26




6mou f(.) KATAAANAN ouv&pPINon m.X. I.X. I OLYHOELONC AOYLOTLKY, n UnDepROALKY

EQOTITONEVD K.O. .

Tp&pouue
K Wl e, why BT T
s =|c%| wé= qu ---w'fw .“qu.\]{—l , Y= Ys = f(‘:’i)
ox, Vvﬁgg“'VVé{v“'VVégwg_l Yl %)

p=1l,....,N;, v=1,....,N;1 kot f(.) pla pn ypopplxkn ouvéptnon. Toa B&on tou V-

00T0U Vveuphva mapat&ocovial o dL&VUoUd YyPouuncg.

H oxéon of=Wliyi! oamoteAel £évav a@LVLIKO (affine) peTaoxnuotiopd ToOU
petooxnuotilet 1OV XOPO TWV Yy, OUPEOVY Pe TLC TLpég Tou mivako W. Tevikd ol
eubeleg vpoauuéc dlatnpoUvial KaBOC Kol ol oavodoylieg kol n mopaAAnAio peTtois
eUbUYPAPPOV TUNUATOV. Aev dlLatnpoUvial yeovieg f amoot&oelc (extdg av o W eilval
opbovdviogc mivakog xal det(A)=1). AxroAoUBWC 1n Un VYPEOURLKY  ouvadpInon
gevepyomnoinong (activation function) y=y (o) otpefAdvel IOV XOPO Twv O €TICL IIOU
T Un YVPOUUR LKA TPORAAUNNT VO PETATPENOVINL O ypouulkd. T'la voa emiteuxfel autd
BéPala mpémel mPOTA Vo € lval KATAAANAEG oL TLRéQ Tou mivaka W. Autd 6o emiteuxOel
pe 1nv egxnoideucon tou OLkTIUoU 6mwg Oa dolue nopokdtw. Oo dolue axdun Inv

YEQUETP LKL ovanapdoTHOn TV TOQAIAVE O OXeTLKO mapdde lypo yio tnv nUAn XOR.

Exnaidevon pe omiobodLadoorn tou opdApato¢ (back-error
propagation) .

Eotw I 1o mAnboc leuydv (Xi,yi) €L00d0U KAl TOV aVI{OTOoLXwV emlOUUNIOV
€£600U pe YVwoTég TLHéCQ, TO oUvolro exnoideuonc S oplletal wg S={(xXi,yi)/ (%i,¥i)
(e0yoCg pe xi nmivoaka OTAANG € LoddoU KL yi ToVv aviiocTolxo emtBupntd nivoaka oTHANG
ggbd0vu, 1i=1,..,1}.

To TNA evdéc MLP eival £évag ouvduaoupoug and oUvBeteg OUVAPTANCELG KOL

TOAAQTIANC LOOPOUC mLvdkwv. Av (=1,2...Z aplBpel ta enimeda, n €&odog Bua sival

YZ(Wl’ o W(, e WZ,X) — yZ(WZ . yz—l(wz—l . yz—Z(wz—Z . yz—3 (wz—3 yz—3 (w2y1 (Wl . X)) ) 4ToU

WS¢ mivakag pe yooupéc ta BEpn ToV VEUPOVOY TOUu { E€mLIESOU.

Av 10 OUVvOoAO exkmaideuonc S={(xi,yi)} Kol yf n teALr) é€&odog, elval emitOuuntd
auth va mpooeyyilel 1§ vo LooUTol pe 10 Yi. Eotw A; pla moodtnta mou erepdlel
v mpooéyylon auth m.x. Ai=De (VY ). H ouvdptnon K(Wl,---,Wz,---,WZ,S)=Zi A;
ovou&letal ouvdpInon OUvVoALkoU kb6oToug. To (ntoUuevo eival 1 €Upeon TV
xaTdAANAev WS Gote auth vo gdaxlotomolnfe( (mpdRAnua PeATiotonol(nong) . Yndpxouv
dLdpopec pébodolL mpocéyylLong/ BeAtioTomoinong mou Aéyovial optimizers (GD, GDM,

SGDM, ADAM k.o.). OL péBodol autég eilval emavaAnmuTlkég. EmovoAnmt kA yivetol

S16p0won tov WS éwg étou n K(.) va glaxLotonolnfel H 516pbwon umopel va yivetol

27




aeoU mpooTeboUVv OAx Ta Aj,

K&Oe meplntwon mpémel vo UmoAoyLobe

Tia mopdde lypa

é¢vac MLP

n kat& opddecg (bathes:déoueqg)

n nocdinia

Ai(vvl’n.’vvi’".’va,xi)

TPLOV

EILTIEDDV  (8X.3.3.4)

KL

S={(xi,yi)}, mepiypdoeTtal Omwc moupar&tw yia (X,y)e€S.

N via k&Oe

oUVOAO

npdtuno. e

exnaidevong

lo enimedo 20 eminmedo 30 enimedo suvAapInon
Kéotoucg
x| - olzwlx N N 02:W2y1 R 03:W3y2 S| K (y3 , Y)
y1:y1 (Ol) y2:y2 (02) y3:y3 (0-3)

Ta dlaviopata elival emauinuéva kKol ol mivaxkeg mepléXouv Touc otabepoUc dpouc.

SUPeVA e 1Tov KavoOva mapaydynong Ing oAucidag:

A 9N dy® dc® , _ 0A dy® dA _ 5 do®
OW3  9y3 963 W3 ~ dy3? 003 oW3 = 9W3
583
oA _ oA 0y® 90° 00° ;00 0o srogi 00 5 00 | 0A ., 00
OW2  9y3 903 962 OW?2 962 W2 do? dy? do® | gW2 oW?2
82
83
82
9 _ 98 oy’ oa® 0a* Dol _ ., da* do' O T I T T
OW! ~ 9y® 963 00?2 dol OW! del oWl do' dy* de' | gw! oW1
83 81
82
And 1o napandve propoUpe va ypdlbouus yevik& OTL
Z Z
oW?Z OW?Z ay%Z do?
¢ {+1 i+1 g
0_A= Z.ai le §% = §%+1 do =8(+1_ac OL
OW¢ OW¢ c ayt 0o
O 1pdmog outdg UNOAOYLOHWOU TOU é%z ovop&letal omiLoBodL&doon TOoU OOHAPATOC

(Back error propagation). Inueiwtalov 61l ylia 1O mpoteAdsvutalo enimedo (=Z-1,

Z=(+1 xot 61l o moAAomAooclooudc dloviopotog ypappnc eal éva didiLdorato mivoxka

dlvel didvuopa ypouung, &poo 3¢ eivoal dLaviocpuaTa YPUUUAG. O ava@époupe TOPX T LG

anmopx{TnTeg PAONUATLKEC EVVOLECQ Kol Oxéoelg mou Boa pag Ponbrnoouv CToug
UNIOAOY LOPOUC HOG.
|napdmeOL ouUvopTACE®V MOAAAV PETAPANTAOV KAl umodoylopoli |
dA dA A dA
Eotw y € RN kot A(y) ER té1e —=[
dy 0y, dyy oyn
To OSidvuona ypopung —— oupPoAiletal kot oG VyA kol diop&letal oavadeAto

dy

(namda) Tou A WG MmPEOC Y.
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Eotw y=y(0)

pe yERY*Txouo € RM*1 161¢

VR %
P 9 901 dom
2 = qu =\ : : mou Afyetal Taxwfiovdéde mivaxkag kol oupfoAriletot
A T Y N
NxM 904 YoM
9
Jy(o) = =
Nopdde lypa 1: Eotw yER3*LoeR¥*¥! xoL £(.) Babuwthy ouvdpinon.
do, 0o, Jdo ,
f(o1) F F ! 9 : 9 ° f'(01) 0 0
Yy _|0Y2 0); Y2 /
y=lf@)=|fle)|=—=|7 — == 0  fi(;2) O
F(o3) do do; do, OJdoy 0 0 £'(05)
9ys 9ys 9yx
ldo;, 0o, 0do; ]
Eotw thpa D =[d{,d, ds] t6Te
f'(o1) 0 0
[dy,dy, d5] - 0 f'(02) 0 =[dy - f'(01), dp - f'(02), d3 - f'(03)] =
0 0 f'(o3)

[d1, d2, d3]O[f" (01), f'(02), f'(03)]

To oUuBoro O oupPorilel

otolyxelo mpog ototlxelo

nivaxa og dL&dvuopa YPAPuRNg.

Tia Tov Adyo autd oto enimedo €Eddou Z

z _ 0A 6y
0yZ 662

A
87 = |—
[aylz

04

[f (G )]v 16L

Oa KPATHOOUPE
82_

Hoapdde Lypa 2:

90, Y03
do _ [9y1 Oy
dy |92 Yo

9y1  9y2

T'ta tTov Adyo

[

Yk,

dvuopa ypapuAg, .

Vv éxepaon

= D © diag; (3-)

oA ,
— - f'(a)

(yLvépevo Hadamar)

KO L

LoxUe L

an ,
——-f'(cl)

JdyN

’ ’ oA . ayZ dA
]Q[f @, f(o%,)] = 5y7 © dae:Gep) = 537

TOV TOAAATIANC Lacud OU0 TLVAKWV

=

OIf'(6HINZ,

Ol (DI ne [f'(6DLE,

ditdvuopa ypouune (3.3.2)

EoTw o=Wey pe 6 € R?*1, ye R3*¥L W € R?*3 161¢

Wi2

W12] _
W32

90,
93 _ W11
EE‘_[Wm, W33
9y3

autd ota Kpuod enimeda émou ol+1=W{+1leyl LoxXUoel:

wae

{oov dlLaocTdogwv

diag,(.) n dLaydviIoC TETPAYWVYLKOU
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9e5t1 oSttt

— Wit L st 0 < . .
oy W, enme1dn 8 P dlL&vuoua ypopung tdTE
C+1 4 N
{— §c+1.997 Y st Wit o[ £/(6%)] 2
=8 5T =T W o[f'(a3)],_, (3.3.3)
’ N < p
pe [f'(69)],2; dL&vuopa ypoppAg.
Tio 0=0(W), o€ RNs*1, W e RN>Nc,
Jdo 9o,
o i -
W OWp¢
—TC
NgXNpxNg

OT eilvatr tpLodidotatoc mivaka Ng X Np X N. kot Aéyetal Toavuothnc dedopévev (data

tensor) .

OL deilxteg r Kol ¢ gival, ©¢ yvwotdv, TA IPOTA YPIUUATA TV AEELWV rOows KoL

columns. O deixing s elval 1o mpdto yeduua Tng Aéfecwg slice (péta) Kol aplBuel

ToUug mivakeg ToUu TovuoTth. MmopoUv Béfala vo XpnoiLpomolnbolv kol &AAX YyPAPURA ®©C

delxktec OSpwg onuoaocia éxet n oegipd& toug (slice, row, column). Tia noupdde LyuX
10 otolxelo 7}B==5§L And 1t0Ude Ba xpnoLpomoteital o 6pog tensor O6tav 1O IANROOC
13

TV dlaotdoewy eival peyaAltepo Tou dUo.

To yLvoupevo d0Uo tensors A,B, pe tov 1pdno nou oplocbBnke 10 YLIVOUEVO TWV ILVAKOV
anoltel o TeAevutalog delking Tou A va nalpvel 1o (dLo mARBOC TLUOV Pe TOV HIPOTO

delxrtn tou B 1§ dnwg Oa Aéyape va elval xotvdc. H pobnuotixy éxepaon e€lival:

A-B=Cue Cij.inkykm = Z Qi .in bi,k1---kM
j

O tensor A ¢xetL N+1=N’ OdioaoctdoelLgc o B, M+1=M’', o C éxeL N+M= N’'+M’'-2,
dlaoctd&oelc. To mnApboc tTwv dLactdoewnv evdC Tovuoth Afyetal T&En outoU KOl
vpdoetal ouvhbwg enmdvew kol de&Ld tou, m.¥X. T(4). Ta Boubuwtd peyédn éxouv 1&én

0, ta dLaviopata 1 kot ol mivoxkeg 2.

Hoapdde typa 3

T =
“
2X2X3
[0, 0o, 00,1
el
| O, do, do, |
owyy, 0wy, Ow N
Ns, =2 Nr=2, \\2‘\ 2 =5 \
L Tdo do, 90, 7
Nc=3. N - o
N owyy 0wy, a"\/\13 =
xlaal 00, 00, 0 0 0
KO L ow,, 0wy,  Owsyg: [}’1 Y2 J’3]
[J’1 V2 }’3]
o(W)=Wey 0 0 0
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Hoapdde Lypa 4

[0 0 0]
LT L
8 =[64,8,], T= [_v] ¥ }u]
o 0 0
& 0
8-T= Z 8]' “Gre = Z 6]' jre = =081 tire + 82 " tyre == 61 - [}’1 Y2 }’3] + 6, [y1 y, Vs
j j=1

61°y1 61°y2 6 '3’3] [61] T, T
= = Y1 Y2 V3] =8"-
[62 V1 02°Y, 6503 () be ? d y

T'ita 1o Abyo autd

0wz (() (v 1) (3.3.4)

And TLC oxéoelg (3.3.2),(3,3,3),(3.3.4) oltuppwva pe tnv pé6odo xratdPfaong kot

Tnv kAfon (GD) divetal and TLg OxEéoeLq

Wi D=wo-p Y ()7

v(xy)
Z=(y*-y9T0O [f’(c%)]‘r;zl via To emimedo e££o6dou

N
85 =81 WSt © [fl(cs)]v; via T Kpued emimeda

H pébodogc pmopel vo mepilypopel pabnuatixd vuvnoloy(iloviag TLC WPEPLKECQ
IopPayOYyoug avd ypouun Tov Papdv evdg veupdva 1 arkdun yioa k&be Papog, m.X. VIX

T0 v-0016 veupdva Tou (—emiuédou and 1o nopondve divetol amd TLC OXéoELQ.

Wi+ D=wi©—p > 8@
V(xy)eV

82 = (yt —yy) - f'(6%) via 1o enimedo ££b50u

85 = §%*1 -Wf,“-f’ (0‘5) = (ZI:(T 8Z+1 <+1) f’( V) yio To Koued emimedo

YmevOuuiloupe 611 via y=f(o), y'(@)=a-y-(1—-y)

Yunevouulloupe axdun 61l n d1dpbwon umopel vo yivetoal apoU mpooTteboUv A TO
Ni, 1 ROAT& ouddec (bathes:déopeg) 1 via k&Be mpdrurmo.

H xphon mivdkwv Kol tensors amAomolel TNV padnuat LK ypoeh Kol OURR&AAE L
oTNV TIPOYPAUUAT LOT LKA vdomoinon. Tia nopddeiypax 1 PBLBALoBAKn TensorFlow
dlLaBéTel TLC OXETLKEC OUVAPTIHOELC Kol OOMEC VLM PLlo Tétola uvAomoinon Kol
TOPAAANAN €KTEAECON TOUG HE TNV CPXLIEKTIOV LKA AOYLOULKOU Tap&AANANG emefepyoaciog

CUDA (Compute Unified Device Architecture) oe GPU (Graphics Processing Unit)
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enefepyaotni. O GPU egival enefepyaotnc (Hardware) mou @épouv ol k&pteg NVIDIA.
H diLadoxn elvot:
TensorFlow — CUDA — API NVIDIA Driver — NVIDIA GPU (Hardware)
H toaxUtnta UmDOAOYLOPOV HE TNV XPNON TV THEATIdVE TeXVOAOyLOv elval upéxpl Incg
T&éewc 50:1 oe oUYKPLON pe aUTH TNG XPHonc udvVo ToUu KeVIPLKOU emefepyaoctn. Autd
elval amapalitnto via peydAa dixktua m.xX. CNN nou Ooa moapouclLdcoupe o€ emdUeEVO
KeEQAANLO KL grROTOUPUpLa Rdpn.

SUYKPLON TEXVLIKOV XAPAKINPELOoT LKOV CPU ue GPU
CPU GPU

Few powerful cores (typically 4-64) Hundreds to thousands of simpler cores

Optimized for sequential tasks Optimized for massively parallel tasks
Low throughput, low latency High throughput, higher latency
General-purpose processing Parallel numerical computations

H ouvépinon xkbé6octoug Mécou TetpaywvlkoU IedApatog (Mean Square Error, MSE) vyid
Yi EMLOUUNTEC/TIPOYPAT LKEQ TLREC KAL eKTlufoetg §;, 1i=1.N, divetolr oamd tnv
oxéon

MSE = (%) ZN:(J’i -9 i =9

H moodétnta N nmopopével otabepn Kol yia Tnv €Aaxlotomnoinon evdiapépel Roo Lk

10 (yi—-yQT(yi—-yJ. Epelc via Adyo mou 6a vivel mpopavhc mapoak&tw OcwpoUpe
Tnv mocdIinia

AyLY) == -y (*—y) =Dp(y%y) =

§ = ;—YAZ=(yZ—y)T

H ouv&ptnon xdéotoug mnou PRociletal oto MSE umopel va ypnotpomoilnBel via
npoBAfuaTa Tof Lvounong Kol mpofBAfuata €xudbnong cuvoaptNoewy Kol TpdBAeyng. ST LC
nAe{oTeC TOV HePLITOHOEWY OT0 enimedo €£ddou dev XpnoLpomnoLloUue KAmO Lo oUvAPTNON
gvepyomo(none dnAadn un ypouulkoOTntoc. T'ia tov Adyo autd y(6) =0, KoL TPoeovec
g%—-= I, 1 o povadialoc mivaxac.

Hopade (yuoata €@apUoyHC ToUu dLKTUOU UndpyOouv OTO0 HAPAPINUA TV £OYXCTNP LOKOV
QOKNOEWV .

To NA MLP pe Back error propagation eivoat omd ta mAéov ypnoilpomoloUupeva NA
Kol éxel eopapupocOel o mANBOpa eeopuoydv  arnd S LAPOPETLKEC EMLOTNUOVLIKECQ
nepLoxég. Ita Kpued enimedd tou mpoodlopilovial ouoLaoTLlk& autdpata  TA
AIOTEAECUAT LKA XUPOUKTINELOT LKA yia Tnv Tofitvoéunon. To mAnbog twv KAACewv umope
va gival 1o (dto pe autd TV ovUoudTev £1oddou Tou ouvoAou exnaldeuong xroal €101
10 NA va mpooeyyllel ouvopthoelc TV avUoudTwVv €l10ddou ota oviouato e€&ddou. To

onuavILkOTEPO HeLOVERTINUA ToU back propagation eilval o xpdvoc OAOKANPWONG TNG

exnaidevong tou, (yxpdvog oUykAlong). Elval duvatdv va xpeloaoboUv sratoviddec
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XLALGOec esmavoANlelc €wodTOU OUYVKAIVEL okOUN KAl YLIX OXET LKA AmAéC £PAPUOYEC.
Te KATIOLEQ €QAPUOYEC XPELACONKAV PEPLKEG LEPECQ YLIA TNV OUYKALON TOU OUCTHUATOC.
O eyrAwRLlopdc Tng dtaditkocioag oUyxkALong og TOmLKE €A&XLOTH Tng oOuvdpIinong
kb6oT1oug elval éva eninmpbdobeto mpdRAnua. IpdPAnua snmiong esppoviletal dtav 1O
pétpo Tng kAlong éxel mOAU HLkpég TLuég og kGmola enimedo tou dLKTIUOU €meLdf I
ouv&pinon kb6otoug eival oxeddv otabepn (enimedn) xol n oUyxrALon oapyel (vanishing
gradient problem), 1 o6tav via kamoia csnimeda petoafdrircstoal paydala (exploding

gradient problem).

Local minimum trap - Red trace Global descent - Black trace

104
7]
= 102

100

20

10
11 20 9o ” -20 -15 -10 -5 0 5 10 15 20

2 Wt

SxApo: Tuvdptnon xOOTOUCg.

(a) EUpeon oALkoU oakpdtotou (B)EyxrAwpBLopdc oe tomlkd axpdIATO

Tia mopddelypa via tnv ekudbnon tng nuing XOR douoUue évav MLP pe d0o veupdveg
g10600U ouvdpINon £vepyomoinong tnv olypoeldn) AOYLOT LKA Kol évav veupdva £Eddou
xwplc ouvéptnon evepyomoinong. Metd 1nv exnaidevucon o nmivoarag TOV VEUPOVOV
eLobddou W' éxelL TLpég Rapdv

1 _[-647 —-6.58 + 9.82

. 2 _ _
=14708 +6417 —285] ¥*t© e£680u W% =[644 6.56 —9.62]

H oyxéon o6=W!-x eival £éva o@LlvikOC HETHOXNUOT LOPOC TOU  OUOC oV KoL
petatonilel TLC Bf0glCc TV X OTLC Bécelg o dev didel ypoupitkd dLaxwploluec
Tlpéc. Autd 1O KAVEL 1N €QUPUOYH TNG OLypoeldoUc AOYLOTLKAC ouvdptnong Imou
oTpeRAOVEL TOV XOPO MUPAYOVTIOG TLC TLPECQ y mou elval ypoauplkd dtaxwploipég. 10
TOPOKATH OXAUA @aivovIal Ol HPETACXNUAT LOPol Twv XOpwv. IT0 TUPAKATW OYXAUX
ealvetal n ouvdptnon Tng TeEALRAG €£6dou y?2 pe medio oplLopoU 1o apXLlkd emimedo
(x1,%x2) kot n x&toyn 1nc O6mou eaivovial To 6pla JLUAXWELOWOU TV KAXCEWV W€

paUPEeC YPOPPEG.
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1. Input Plane 2. Affine Output (0 = W-x + b) 3ﬁ logsig(.) activation function 4. After Nonlinearity logsig(.)

—&— Input Square —S— Affine Output —&—— Nonlinear Output
XOR Input XOR Transformed 09r XOR After Nonlinearity
20 08k [
151 151

o
o

02
nd
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o
~
y2=
o
o—

57 0.7 /
1@ 10 L 1p———————@
_ | |
05 5 B F / I ‘

051 |
5t
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0.2r

logsig(o)
logsig(o2)

0.1 Ak

I e v v v 0 ) e S — Lo v v
0 0.5 1 202468 -10 0 10 0.20.40.60.8
X1 g1 o y1=logsig(o+)

Qutput Surface of XOR Network

Network Output

H d16pbwon twv PBapdv yio xk&be nmpdIumo xX; 1ToU oUvOAoU ekmaidevong pe tuyxoia
emLAoyy ovopdletal OTOXAOTULKN) K&Bodo kKoatd tnv xAion (stochastic gradient
descent, SGD). OL uébodolL autol elval apyéc KOl amaLlToUVv TOAAEC emoavoANleLg.
Mia BeAtlwon Toug eUKOAx uvdlomolhoLun eival n npdobeon evdég axdun dpou oTnv
oxéon dLé6pbwong mou ovouhloupe Spo opung 1) pomng (momentum term). TUYKEKPLPEVA
n xaté&Poon xatd Tnv KA{on yvia pla ouvdpinon rkOCTOUC K(Mf) dlvetal olUupwvo ue
boa mpoovapépbnkov amd TLC OXEoELQ:

wi(t+1) = wi(0) + aws (t + 1)
awi(t+1) = —pa—Kz = —pVK ¢
w, wi () Hv(®
STnv d1b6pbwon ue opun
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¢ oK ¢
Aw, (t+ 1) = P + adw, (t)
Wl
Crry — o) — $or —
Aw, (t) = Aw, (t) — Aw, (t — 1)
a€(01), ue ouvhBeic tiuéc amd 0.2 éwc 0.8.

MpooT(Betal dnAadn KoL &va PEPOC TNG TEONYOUUEVNC HETAPROANC TV Bapdv TOU
veupdva. H moodinta aAwf:(t) el{val o 6poc Tng opunc (momentum term). H xpnon touU
peLdvel 1o mMARBOC TwVv smoavoARlewv ouidvovioag To PBAna d1dpbwong Twv PRoapdv kAT
nv k&Bodo otav n ouvdpinon kOOToUg petaRdAAetal  apyd, Oniadn mnA&TOC ING
Babpwonc (|VKWg(t)|) elval moAU uLxpd. Enilong efopodUvel TLQ omdTOUEC GAAXYVEC TNC

v
dLeUbuvong Ing dLé6pbwong. AUTEéEC ol 1dL6INTEC TNG OPUAC oalvovial aAyeRplkd ov
unoAloyl{ocoupe tng d1dpbwon petd and T enovoAflelg and pla apyxtkhy TLiuh w(0) TV
Bapdv xamolou veupdva (ta oUuRoia v, ¢ éxouv mapoAnedel yio anAdinia) . OEToOVIACQ

G(t) = _pVwa:(t) B LoxUelL:

Aw(T) = —pG(T) + a - Aw(T — 1)
AwW(T —1) = —pG(T — 1)+ a-Aw(T — 2) = adw(T — 1) = —paG(T — 1) + a? - Aw(T — 2)
Aw(T —2) = —pG(T —2) + a - Aw(T — 3) = a?Aw(T — 2) = —pa?G(T — 2) + a® - Aw(T — 3)

Aw(2) = —pG2) + a-Aw(1) = a™ 24w (2) = —paT2G(2) + a”" 1 - Aw(1)
Aw(1) = —pG(t) + a - Aw(0) = aT1Aw(1) = —paT 1G(1) + aT - Aw(0)

[IpoocHéTOVIONG TLC €&LOOOELC PETA TNG OUVENAYWYECQ HTPOKUMTE L :
T-1

Aw(T) = —p Z atG(T —t) +a’ - Aw(0)

t=0

Metd amd upeplkéc esmovodflelg, emeldf 0<a<l, n petaporny Aw(T) emnpedlstol omd

TLC mponyoUneveg TLpéC tne G mou @Olvouv xotd of kol o 6pog al -Aw(0) viveTtol

apeAntéog. Av n G(.) o010 dLdoTnua autd TV cmovodRlewv éxel oTabepn TLun G tdtTE
Aw(T) = — (1+a+a2+~~+aT—1)G——pl_aTG~—LG
p 1-«a 1-«a

Tia p=0.2 kol o=0.5 n odrayh TV TLROV Tov Boapdv Ba elvalr 0.4G evd xwplc ToVv
6po opunc Oo AHtav 0.2G. Otav n pébodoc xatdPacnc tng xAlongc pe 6po o0pPpAHCQ
(Gradient Descent with Momentum, GDM), cooppdbletal pe dL1d6pbwon avd mpditumo ue
Tuxala emiAoyh kol TlTAopopeital wg Stochastic Gradient Descent with Momentum,
SGDM) .

To nmANBoc Twv enmlumédov KUL TV VEUPOVEOVY Twv clvoal éva (ATnuo ToU PoGg
armaoXoAe (. Aev undpxel €évoag yeVLIKOC TUmog-oAydplBuog mou va poag odnyel og éva
BéATLOTO mARBoC mopouétpwv-Ropdv. ‘Evac peydiog oaplbudc Popdv aufdvel TO
UIoAOY LOT LkO kKOOTOC Kol upmopel va odnynoel oe Aegntouepn €kp&bnon Tou ouvOAOU
exnaidevong akdun kol Tou BopUfou Twv petphoewv, £L¢ R&POoC TnNg vevikdINTAC TOU,
dnAadn TNg €mLTUXOoUg Tof1vounong vEénv ayvooTwyv mpoTtUnwv. AUtd 10 @oLvOuevo TO
ovou&louue vuvnmepeknaidsuon. MLxpdg aplbudc napapétpwnv upmopel va odnyhoel o

aduvapila exnoidsuong f xapnirn amndédoon-okpifela tafivéunong. Tnv nmeplmtwon oUth
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avapépouues w¢ uvmoeknalideuon. LTo IxAua 3.3.5 ealveTtal n dLaXwELlOoT LK KoumoUADn
TpLe@v ovotnu&tewv evoég npoPfAfuatog OUo0 JdLaoT&OEwWVY YIX TLC TEPQLOTOOELC TIOU
avaeépapue .

Mia omArf pédodog sival va exivdue pe éva uLkpd TANBOC MUPAUETOPOV KAL VA TO
auf&voupe mPoodeUT LR PéXPL vo éxoupe LkavomolnTlkO amotéAisopa. Exelivo mou
ouxVv& supaviletal 6tav éxoupe UPnAn amddoon exnaidevong elival n uvnmepexnoaideuon
mou Jdlamiot@vetal O6Tav 1o oUotnud poc taflvopel mpdtunma yvia T omola dev
exnoldeUInke Kol mnopouct&lel youndn anddoon. TI'ia voa eviomicoupe vwoplic TO
npbdBAnua xwpllouue 10 apXLlkd oUGvoAo S Twv dlLabéoLuwv dedopévwyv oe dUo uépn. To
éva xpnotpomoleital wg oUvoAo exnaidsuvong (Training set, T) xroalL 10 &GAANO ®C
oUVOAO emLKUPWONG TOU amoTeAéouatoc (Validation set, V). Oa mpémel 10 1O0C00Td
enLTUuy g emituxoUc taflvounong (accuracy) vo givol ulnAd pe mopoamAnolec TLUEQ
Kol yla T dUo oUvoAra. Te xamnola diktua amd ToO OUVOAO €ILKUPWONG OUVAYOVTIOL
TLpéc mapapétTpwyv mou kobodnyoUv 1tov aAydplBuo ReAtiotonoinong. TéAlog éva tplito
oUvoAo JokLlufG (test set) mou amoteAeital amd npdituna mou deV XENO LUOIO LABNKOY

afLodoyel TO TeALkO amoTéAsouA.

W eNe
b Op O
C)OC)
X, % | % Q
X O
X X xxxx
X X x
o) YIOEKITA LD EUPEVO B)Kavov Lk& V) Yaepeknaldeupnévo
oUoTnu eXIaLdeUupnévo oUoTNUX oUoTnuo
SxApo 3.3.5
3.4. ZuveALKTLKA Nevupavikd Aiktua
Ta ZUuveALKT Lk& Nevpwvikd AlxkTtua (ZNA) (CNN:Convolutional Neural Networks)

éxouv ypnotpomolnBel eupéwg oINV ovayvaplon €Lkéveyv kol pot&louv pe 1o Texvnt&
NeupwvIkd Alxktua npdobiagc tpopoddinong (feed-forward networks, FFN). Yua&pxouv
dlapopéc avaueoa o aUTd Ta O0U0 €(dn dLKTUwv, moU KABOLOTOUV Ta INA IO €AKUOT LKA
via xphon. Mio ouykekpLlpéva ota KAACO LKA FFN n kA Lpdkrwon peydAnv €Llkdveov odnyel
oe peydro un dlLaxelplolpo mAnbog Popdv. T'ta mapddelypo o010 OUVOAO dedouévev
CIFAR-10 oL egixrdvecg glval peyéboug, pdévo 32 x 32 x 3 (mAdtog x UPog X XPWUAT LKA
KOVAALY) , KOl €TIOPEVRC €VOG TANPWC ouvdedepnévog veupdvoc O0To IPOTO Kpued enimedo
evoég TNA Ba eixe 32*32*3 = 3072 pB&pn. Hoapd 10 yeyovdc o6tL autdg o aplbudc
delxvel dLaxetlplolpog, via e€loodo €1xrdOvag peyoAUtepwyv dlact&oewv, m.X 200 x 200

x 3 6a elixope veupdhveg pe 200*%200*3 = 120.000 B&pn o xabBévag.
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Tl meploodTEPOUC VEUPOVEG O aplBudc Tev mupapétpwyv Ba peydrove paydoala.
Juvenoc n nAnpnc ouvdeolpdtnta eilval on&dtoAn, kKol unopel AdYyw TV TOAAOV
TOPaé TPV Vo odnynoel €UKOAQ O€ umepnpooapuoyn (overfitting) tou dLlktUou. And
Tnv &AAn mAeupd, 10 xphon twv INA expetaAAeUeToal 1O yeyovoég OtL n eloodocg
amoteAe{tal oamd eikdveg, xrol meplopllel TNV GPXLIEKTOVLIKA TOU pe mLOo €EUIIVO
tpdémo. Tevikdtepa Tt ZNA, dLabétouv veupdveg ol omofol €xouv 3 dLaotdoelg
(mA&toc-UYoc-B&6o¢g), Kol éxouv TNV 1dlaltepdtnta va ouvdéovial dLadox Lkd pe plo
HLKPH HmeEPLOXH TOU mponyoUUevVoU €mImédou oviiBeta pe 61l yivoétav o ploa mAfpen
oUvdeon. Kat’ ouclav o veupdvag eival éva @lATpo mou ouveAlocetal ota dedouéva
g10b6d0U TOoU. Ou mpémel va OLeukpLlvicoupe €dd) 611 Aéyoviag «ouverloetal» gvvoolue
Tnv eeoapupoyn Tng dLodidotatng oUuvEALENG pe x&mola dtleupupévn xphon. OL bpol
veupdvag, koéupoc (node) , oilATpO KoL TUPHVAC (kernel) xpnoLupomolLoUvTal

EVOAAXKT LRKK oTnVv RLPBALOypap{a TO®V CUVEALKTILKOV OLKTUOV Vi 1o (dlLo mpdyuo.

$to oxfuoa 3.4.1 ameitkoviletal aplotepd pla opxLlTeKTOVLIKY £vOC KAAOLKOU
VEUPWV LKOU JLKTUOU kKol Oe&ld pla opXLlTeKTOVLIKA &€vOC OUVEALKTILKOU VEUPKOVLKOU
dLKTUOU. K&Be emimedo evdg INA petooxnuatilel tov tplLodldotato Oyko €L10ddou
(input volume), og évoav 1TplodLldoTato Oyko €&ddou  (output volume. 310
OUVKEKPLUPEVO mopddelypa 1 éyxpoun €Ltxkdédva 10U mopandve OXHuoTog omoteAel TO

eninedo g1oddou emopévwg Oa éxel R&Boc 3, doa kol Ta KoOvAALX pLag RGB e Lxkdvaq.

ZTo

ZNA

eminedo a1godov

Xpuood eaiasdo 2

Xpued satnsdo 1

SxApo 3.4.1. (Apxltextovikry CNN)

EXTEANOUVIOL Téo0Oeplc Raolkéc AgLtoupyleq:
1. JuvéALén (Convolution)
2. Eopoppovynh un yepoppitxkdéintag (Non Linearity) - RelU
3. Juykévipwon 1§ Ymno-AsgiypatoAnyio (Pooling / Sub sampling)
4. Koatnyoptomoinon pe nAfpwg ouvdedepévo enimedo (Fully Connected Layer

for Classification)

Eninedo ZuvéAL§ng (Convolution)

QeneALddeg doulkd enimedo e£vdC TUVEALKTLKOU NeupwvLlKOU ALKTUoOU, Omwg €xel
npoavoaeepdel, eival 1o enimedo oto omolo cuveAlostal n eiocodog pe N 10 mARBoC
elATpa (veupdvec PBoapdv). To amoTérecoua ecival mnivakeg mou amoTeloUv XAPTECQ

XOAPAKINELOT LKOV. To enimedo autd ovopdletal ouveAlkTLlkd egnimedo. Ta elAtpa autd
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oTnVv neplintwon Tev £yXeouwv €LrOVoyV clival tplodldotata, KaBOC 1o uéyebdg toOUCQ
xobopliletal amd 1o UYog R (mAnBocg ypappdv), 1o mA&Tog (mAnboc otnidv) C KAl TO
B&aboc D (mAfbog mivdkov RxC). Ttnv mepinmtwon mou n e€icodog eival pla éyxpoun
eLrOVa 1O PR&Bog eival tpla (3) via ta 1pla Pacird yxpoduata (Red Green Blue:
RGB) . TLa TNV IUPAY®YH AUTOV TOV XAPQAKINELOTLKOV, ocopdveTal OAOKANPEN n € Lxko6vVA,
TIPXYHUATOTIO LOUVTIAL TTPAEELC €0WTEPLKOU YIVOUEVOU PETAETU TWV TLUOV TOU QIATPOU KOl
NG UOOKe (1evng MepLloXNC TOU MIVOKX KL OTO TEAOG €fAyeTal TO QUOTEAEOPA TO

ormo{o TomoBetelTal OTOV X&PTIN XOPOAKINPLOT LKOV.

H np&én 1tng dSi1odi&otatng ouvéAiténge vyia d8Uo dlakpltd onuata x(r,c),

w(r,c), (dLodlLd&otatec akoAoublieg)opileTal tTumikd amd Tnv oxéon:

xxw = {x*w}r,c) =ZZx(k,l)-w(r—k,c—l) uer,c, k,l e Z
k1

H np&én 1ng dStodidotatng ouoxétiong yla OUo dlaxkpltd oApota X (m,n),

y(m,n), (dtodt&otateg arkoAoubieg)opiletal Tumik& oamd tnv oOXéon:

xow = {xow}(rc) =ZZx(k,l)-w(k—r,l—c) uer,c, k,l€ Z
k1

Av w(k,l)->w(-k,-1) oL &0o mp&feig divouv 10 (dlL0 amoTéAeoua. I'ta akoAoubleq
HETIEPAUOUEVOU PAKOUC T 6pla TwVv OeLlkT®v k,1 roabopilovial oamd TLg BéoceLg mépov

Tov omoflwv ol akoAoubieg éxouv OAECQ TLG TLUECQ TOUC undevikéCQ.

ST OUVEALKT LKA Odixtua ecoapudletal n np&én 1tng ouoxétiong. Ev toUtolLQ
LOTOP LKA emlkp&Tnoe vo xpnotpomoteital o 6pog oUuvéALENn amd Tnv eupela XPHon TOU

otnv emnefepyoocia onudtewv. Oa dLATNPHCOUNE QUIAV TNV opodoyla otnv ouvéxela.

AvefapTATOWC TV oplwv péoa ota omola opiletal n mp&én Tng OUVEALENG OTO
ZX7Z, exelivo mou pog evdiapépel eival ol TLPEQ TOV AKOAOUOLQOV Kol TLQ Bgwpoluse
WG otolxela mivadrwv o) Tng €L06dou X pe dLacTtdoetl¢  (Rx x Cx) Kol R) tou @lATpou

W pe diLaotdoetc (Ry x Cy) .

$1o oaxrdAoubo moaphdelypa (Ix.3.4.2) oalveral 1n epopuoyn 1tng nmp&énc Ing

ouvéALENc (ouoxétiong). OL TLpég toUu tOoU QiATPOU W(.,.) OALCoBaivouv endvw OTLC
TLPEC TV YPAPUPAOV KXl TOV OTNA®OV tng x(.,.) Kol vmodoyliletal 1o &Bpolopa Twv
YLIVOREVOY TV opoldbetwyv TLpdv. To amotédecopa OBa  elval pla  akoAoublo

IETMEPACPEVOU UAKOUG HE dLaoTdoe LG (Ryxt Ry=1)x (Cxt+ Cy=1). Av B&Aoupe oL dLaotdoe L
TNG TmPOKUNTOUCAC akoAoubiag va eival {oceg ue autég TLg €Lobddou, apoalpolus Ry-1
vpoauuéc ralt Cy=1 otfAeg and ta 6pt& Tng. AmAoUoTepa umopoUue va oAloBaivoupe 1o
OlATpO €éT0L GOOTE 1N KeVIPLKA TLuh tou @OlATpou w va @tdvel ot O6plA TNG X KL

armod ({doviag pndevikég TLWEG OTn X €k16C Twv oplwv Tng (zero padding).

Ei{val BoAlxd 10 @lATpOo va éxel meplTTd aplbBud ypouppdv Kol oTnAdv m.x. 3x3,

5x5 Gote va undpxel KeVIPLKA TLUR. 310 TéAOC tng mp&éng tng ouvéALing os x&be
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TLUh 1mmou 6o mpoKUYPe L

omolou elval

npocHéTouus KAl

é¢va otabepd 6po wo (bias) n onuoocia

{(dla pe authv mou oavaeépbnke OTOV YPouuLKO Tof Lvountn.

oo |0 0
o [ ]z 12> \{)
o [ f;‘(i; M El BE
N
1l 21| 1o
ol1lo|1[7 o] 1
11|01 {§1(1)0
)
FEIEER ) B E
ol 1ol al1]1 4]
oo oo

0 nivaxoac £10ddou e£Loddou X

Slacthoswv Tx7.

N Oxl+0x0+0x2+0x
2 s |1 ]s]o o[}
| 1x1+0x(-1)+2x (-1
Al [als]alalo]
. (-1 %0+0x1=1
~ 1 To T2 7l 2le ]2 [a]s | "=
Y 21 5|42 ]0 |1
_____ L)
- PEREE 2230370
5|1 ]s|a]]=2]4
®iAtpo f 5 (12|05 [2]-

3x3

Nivaxae 7 x 7 ue zero padding otov

1113 |-1] 4 T 1+0x0+ 1x 2+ T 1+ 1x 1+0x(

2|9 |[-3]|2]-1 1k(-1)+1%x0+1x1=7

23|03 ?)"
15 |a]-1]=2

Divaxace 5 x 5 Xwpic zero padding o
nivoaxa £L0630U X

sxAuo 3.4.2:

YroAoy Louol

OTO OUVEALKTLKSO emimedo

H

TLpn

K&Be

otolxelou

evepyonoinong xuplwg tng RelU.

-0.5

0.5

H

Linear Unit)

f(x)=max (0, x)

ouv&pTnon RelLU (Rectified

TOU

Tou moapaydpevou vyivetoal OSpilopa pLag ouvdpinong
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MxN Av
$idtpo n
3x3x3 B
ReLU eloodoc
=> wy () @@ MxN Exet
B&bog D
dniadn
Eiocdog
MxNx3 MxN

5x.3.4.3. H cooapuoyny &vdéc o@lAtpou og gl{ocodo TPLOV KOVOALOV OTO

OUVEALKT LkKO emimedo

5 @iAtpa E§o§gq
3x3x3 MxNx
Eiocodog
MxNx3

5x.3.4.4. SuveAlrTtlkd eninedo pe mévie (5) @lAtpa

amoteAe{tal amd D 1o mARbog mivakeg, ovoudlovial kol kKoavdAla (channels), (m.X.
D=3, via gilocodo pla RGB éyxpwun eitxdva), 161e kol k&Be @lATpo mpémel va €xel
B&Boc D, dnAodf vo amoteAel{Toal and D mivoakeg. T'ia maphddelypo av n eicodog elvot
RyxCxx3 10 @{ATp0o mpémel vo eival RyxCyx3. JTnv meplntwon auth petd tnv €0apuoyn
ToU @iAtpou 6a mpokUyouv kol D mivaxkeg O¢ amoteAéopata. OL nmivakeg autol eival

{owv dlLaoctdoenyv Kol mpooTiBevial.

TeAtk& petd 1nv &Bpotlon mpoxUmTel £€voag mnivaxag yioa xr&Oe olAtpo. Av
gpappocBoltv N ¢lAtpa 6a mpoxUyouv N mivoaxkeg, 6col kol T @lATpa. ITnv opodoylia
TV INA ouxvd évoac Tplodldotatog mivaxrag xoaAelToal kol Oyko¢ (volume). Apx 1
e{oodog poac eival évag Oyrog RyxCyxx3 kol upe Tnv gopopuoyn N @lATpwv mapdyetal o
amoTéAeopua évac OykoG RyxCyxN. Toa noapandve omelkovilovial ota okdAOUBA OXAUATH

(8x.3.4.3, 3x.3.4.4)

To @lAtpo kat& tnv oAlobnon tou eival amodextd v Kiveltoal Kol pe PHua
(dpaokreALld, stride) peyodUtepo ToU éva. AUTO €ival PLlo DUPOAAXYH OUVEALENG TIOU
odnyel og amotedéopata PLkEOTepwY dlaoTdoewvy Kol axpifelac. 'EXxel Xphon otnv
nepintwon peyddwv €LxOVOV Kol @IATpov (m.X via olAtpo 15x15, stride=2). Ta
mopandve, dnAadn n OUVEALEN TnNg €Loddou pe Ta QIATPO KXL 1N €QXPUOYH TNG un

YpouuLlroéTNTAC amotedoUv éva Emimedo JuvéAiéng (Convolutional Layer).
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OL muivaxkeg mou ef&yovial omd 10 enlmedo OUVEALENG KOAOUVIOL XAPTEQ
XOPAKTNPLOTLKOV. XTO0 axdioubo IxHuo 3.4.5 oealvetal n epoappoyn evodc olAtpou

Sobel otnv eglxrdva «lenax».

Eninedo deiypatoAelyiag (Pooling Layer)

Ta enimedo detypatoAnyiog ocuvaviOvial avdpeoca oTo enlmedo CUVEALENG TwV
INA. Autd mou x&vel autd 10 enimedo eglval vo peldvel 1o péyedog TWV TLVAKOV
€10600V KoL KUT& OUVEMNEe LA KL TOUC UNOAOYLOopoUg e€vog dLKIUOU kKol Bétoviag umnd
ENEYXO MPORBAAUNNTH Umnepmpooapuoyne (over-fitting). Aapfdvoviag TLg TLUEC PLAC
BLKPAC HeEPLOXAC Tm.¥X. (MxM) evdc mivoxra e€lLoddou xal pe BHua M noalpvouus tnv
peyaAUtepn and autéc (Max Pooling) 1§ tov péco 6po toug (Average Pooling) xol
dnutloupyoUue évav véo mivaxka pe pLkpdtepeg dLaotdoelc. Av yia napddelyua o
nivaxkag elval 224x224 yioa M=2 6o éxoupe w¢ amoTéAeopa éva mivoakoa 112x112. Eva

napdde Lypa oalvetol oto mopokdtw oxHua 3.4.6.

224x224x64 g ]
112x112x64 Single depth slice
pool RN 2 4
" max pool with 2x2 filters
5|16 |78 and stride 2 6| 8
l 312|110 3|4
1| 2 [ESHE4
s downsampling ! b
112
224 y

SxApa 3.4.6. (Enimedo YmodelypatoAnyiog)

Enimeda ouvéALing xal unodelypatoAnyioag upmopolv va tomofeToUvial dLadoyx LKA
KATOANYOVTIONG Og mivaxreg pLxpdtepnyv dlactdoswv k&Be eopd. Metd and qUuIinv TNV
dLadoxny oL TLPEC TWV TEALKOV TLVAK@VY TtomoBetoUvial oOg £€éva &VUoUX OTHANG
(flattening). To <&vuopa autd Oa eival n eiocodog evdC TeALKOU emnluédou

Taé Lvounong upe nmAfpn dlLaoUvdeon, IxAua 3.4.7.
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A Typical Convolutional Neural Network (CNN)
Output
Convolution Pooling Convolution Pooling
- :
@ - o EH
= 3 %E - = -
Kernel
Inputimage  Featured Pooled Featured Pooled Fhiten S
maps Featured maps maps Featured maps layer
< > <« >
Feature Maps Fully connected layer
| [ e
‘ Feature Extraction |  Classification “ . Probabilistic
distribution
ox. 3.4.7.

Eninedo Taf.vépnong

e outd 10 emimedo ol veupdveg €xouv mAnpelc ouvdéoelg pe OAeg TLC €&ddoucg
TOV VEUPOVWOV TOoU mponyoupevou enlnédou. To NANPWG ouvdedeuévo enimedo (Fully
Connected Layer) egival évag Perceptron moAAdv emluédwov (MLP), mou xpnoiLupomnolel
wg ouvaptnon KO6CTOUQ TNV TMTOAUWVUHRLKY AoyloTlkh (Multinomial Logistic) oto
en{nmedo €&b6dou. T'la tnv gilcodo twv dedopévwev oto emnimedo autd Bo mpémel AUt
va dopnocouv éva povodldotato mivoxka (&vuopo OTHANG) . Ito axkdbioubo TxHua 3.4.8

noapoucLl&leTal pLa €kdoxn €vdc CNN Te00dpwv KAACEWV.

(o > o
o
o

M P

o
— T 1] o (-] ~0
o Mo

| ° o Pasg
1 o °
o °

ol \e
. : o o
convolution + max pooung vec o t

| nonlinearity | ]
convolution + pooling layers fully connected layers ~ Nx binary classification

SxAuo 3.4.8.

YnoloyLopdg tou mAfOoug Papdv Kal ermaideuvon ota INA

Eninedo ouvéAiénge : To ouykekplpévo enimedo eival autd mou dnuioupyel TOV
T{VaKa XOUPUKTINELOT LKAV, omdTte €éxoune mivoaxkeg PRapdv. OL opXLlKEC TLPEC TV Bopdv
elval tuxaleg. O aplbudc tTwv PRopdv (mopouétpwv) o éva emnimedo ouvéALENg pe N

kovdAla kol M @olAtpa dlLaoctdoewyv r x ¢ Oa elvol: rxcxNxM
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Eninedo deitypatoAnyiag : 1o enimedo delypatoAniag peidpvoupe 10 péyebog
Tov dtaotdoeswv. Tia noapddelypo av o Evav  XAPTN YXUPOKINELOTLKOV 224x224
otolxelwv egpapuootel delypatoAnyia oeg 2x2 uyndé-meploxéc 16Te wplBOUdC TV
otolxelov TOU XAPTIN XUPAKINELOTLKOV elval 112x112. $10 enimedo delypatoAnlia

dev undpyxouv Rapn.

IIAnjpwg¢ ouvdedeuévo emimedo (FC) : To ouykekplpévo enimedo €xel 1OV
ulnAdétepo aplbud PRoapdv amd r&Oe &AAo enmimedo. T'ta TOV Unmoroyloud TOU
TANOouUg TV PBapdv umoloyliletal ToO YLIVvOUeEVO TOU MANOOUC TWV VEUPOVWOV K&OE
emimédou enl to mARBog TV €&OHdwV TOU mponyoUpevou eminédou. EICL TO
nAfbog TV PBapdv eival: TAROog veUpHVOV OTo Tpéxov ceuimedo x (mAR6oq
€E60wyv oTO0 mponyoUuevo enimedo+l), 10 +1 oapopd TOV OoTabepd dpo. TLa
nopdde lypa oto CNN VGGNET 1o nAnbog twv PRapdv oaivetal otov axrkdAoubo

D{vaxko.

INPUT: [224x224x3] memory: 224%224%3=150K weights: @

CONV3-64: [224x224x64] memory: 224*224%64=3.2M weights: (3*3*3)*64 = 1,728
CONV3-64: [224x224x64] memory: 224%224*%64=3.2M weights: (3*3*64)*64 = 36,864
POOL2: [112x112x64] memory: 112*112*64=800K weights: @

CONV3-128: [112x112x128] memory: 112%¥112%128=1.6M weights: (3*3*64)*128 = 73,728
CONV3-128: [112x112x128] memory: 112*%112*128=1.6M weights: (3%*3%*128)*128 = 147,456
POOL2: [56x56x128] memory: 56%*56%128=400K weights: @

CONV3-256: [56x56x256] memory: 56%56%256=800K weights: (3%*3%*128)%256 = 294,912
CONV3-256: [56x56x256] memory: G56%56%256=800K weights: (3*3*256)*256 = 589,824
CONV3-256: [56x56x256] memory: 56%56%256=800K weights: (3%3*256)*256 = 589,824
POOL2: [28x28x256] memory: 28%*28%256=200K weights: @

CONV3-512: [28x28x512] memory: 28%*28%*512=480K weights: (3*3*256)*512 = 1,179,648
CONV3-512: [28x28x512] memory: 28%28*%512=400K weights: (3*3*512)*512 = 2,359,296
CONV3-512: [28x28x512] memory: 28%*28%512=400K weights: (3*3*512)%512 = 2,359,296
POOL2: [14x14x512] memory: 14*%14%512=100K weights: @

CONV3-512: [14x14x512] memory: 14*14*512=100K weights: (3*3*512)*512 = 2,359,296
CONV3-512: [14x14x512] memory: 14%14%512=100K weights: (3%3*512)%512 = 2,359,296
CONV3-512: [14x14x512] memory: 14%*14%512=100K weights: (3%3%512)%512 = 2,359,296
POOL2: [7x7x512] memory: 7%*7*%512=25K weights: @

FC: [1x1x4096] memory: 4096 weights: 7*7%512%*4096 = 102,760,448

FC: [1x1x4096] memory: 4096 weights: 4096%*4896 = 16,777,216

FC: [1x1x1ee®] memory: 100@ weights: 4@96*1000 = 4,096,000

TOTAL memory: 24M * 4 bytes ~= 93MB / image (only forward! ~*2 for bwd)
TOTAL params: 138M parameters

Divaxkoag 3.4.1: TIARBog Ttwv Roapdv oto CNN VGGNet 16

Eknaidevon tov ZUVEALKT LKAV NeupwviKQV ALKTUOV

ST CNN n ouv&pinon kb6ctoug Roaciletal otnv dlLaotaupoUpevn eviponia (cross
entropy) xol 6xL o010 PéOO TeTpaywvikd ocpdAipa. H mpooéyylon akpdratou onueiou
(eAaxiotou) emidLoxkeTal kUuplwg pe pebddouc énwc n SGDM (Stochastic Gradient
Descent with Momentum) koL n ADAM ( Adaptive Moment Estimation). Zto teALkd
eninedo e€&b6dou tou Toflvountn, ouvapinon evepyomnoinong elval n softmax mou
HeToTEéTELl TLC TLUEQ TV abpoloTdv og mLbavdInIec. AKOAOUBwC Ha mopouol&ocouue

Tnv diLadilraoiac exnaidevuong xoal OL16pbwong ocpdApoatog ota emimeda evdg CNN.
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Exnaidevorn oto eninedo mAfpoug diLacivdeong

$T0 TeAlkd emimedo €&b6dou 1O MANOOC TWV Vveupdvwv oplletal va eival (oo pe
T0 mANBoC Twv KA&Oewv, €é0Tw M. K&Be xA&on oviLlotolyxiletal o évoav VEUPOVA
(tov (dL0o méviote) xol ovouatiletol pe 1tnv 6éon tou m=1l...M o110 enimedo
eE6do0u. EOTW TO x==[x1mxn."xM]] enauinuévo O LAVUCUN TIOU €LOEpXeTal Oto emimedo
806800 KAL Wy = [Wimy oo Wy oe Wyms Woml?  TO emoUEnuéva S Loaviouato Tov Bapdy Tev

veupdvayv o’ autd.

APX LK& UTIOAOY({oVIaL Ol TOCOTINTEC Opm =WhH *Xx. OL TLuég auiéq

petaoxnuat i {ovial otuowva tnv ouvdpinon softmax oe

ewgrx

Im =5 7
k

Ol TLPpéC ym €ilval OeTilkéc Kal To &Bpoloua toug XM_ y,=1. Emi6uupotue ol
TLuéc €8600U yn VA elval TétOoleg OOTe av 1o &dvuoua £lLoddou avhAkel otnv kAd&on c,
x¢ , c€{l,..,M} 16te n €£0d0C Y. TOU C veupdva vo eglival peyoadUtepn 1oV ANV
€600V KoL gL duvatdv lon pe 1tnv povada exepdloviag €10l UPnAn mibovodéinta va
avhkel n eloodog otnv enlbuunty xkA&on. Me 6poug nilbovothtwvy av 1,..,M eival ol
TLpéC plag Tuxaiog SLoKPLTAG MeTARANTAC @, 1618 Yyu =p(@=m|x) scivaL ol
n1oavdéINIEQ TMOU OaVILOTOLXOUV OTLg TLUéC TLC ® dndadny yl=p(l|x®),...,
yo=p (Mm[x¢), ..., yv=p(M|x°). To 1davikd Ba ATav oL miBavotntec plw =m|x) va ATav
f VO OUVEKALVOVY pe mLBovdintec

lavm=c

q(w =m|x®) = {0 avm #c

Eva pétpo oUykplong twv p(w) kol g(w) divertal amd tnv oxéon 1ncg

dlaotaupoluevng eviponiag (cross entropy) :

H@p) = =) a(@) - log(p(@)) =

M M
- Z q(w = m|x°) -log(p(w = m|x%)) = — Z q(w = m|x°) - log(ym) = —log(y.)

m=1 m=1

Tia nopddelypo og €va oUoTnua 1TafLvounong Teoodpnv KAXCEWV €LOEPYXETAL TO

Avuoupa X2 KoL Ol €£0d0L TWwV TEOOHPWV VEUPOVOV £lval
yv1=0.2, y2=0.5 y3=0.1 ys=0.2
KOl TIPOQAVAOC

g(llix2)=0, g(2Ix2)=1, g(31x2)=0, g(4]x2)=0
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H(g,p)=-(0-1og(0.2)+1-10og(0.5)+0:1og(0.1)+ 0-log(0.2))=2
Oco n y2 Telvel otnv povdda n H(g,p) Oo telivel oto undév.

Katdémiv autoU upmopoUue va € Lodyoupe w¢ ouvdpinon rkd6otoug (cost

function) 7 andAieitag (loss) Tnv oxéon

LW) = =) > 4w =mixf) g0 = = ) 108(yz.)

mou abpoilel TLC TLPEC TNG Cross entropy TOU MPOKUNMTOUV amd InV €Loaywyh OTOo

oUotnua kK&Be mpotUmou xi, i=1...I, I 1o mANOOC TWV HIPEOTUIWV.

T
eWC ‘Xi

Vei = -
E eWmXi
m

Tia tov veupdva J oto eninmedo £€£6dou jE{l..M} xat wj 1to &vuoua CTAANG TV

Bapdv TOU LOXUEL

aL 9 Zl Z 1 Z | eWexi
ow;, ~ow;\ "2 0g(yei) S, 1080) = S og(Z o )
m

Tia ToVv uvmodoylopd 1Inc mopaydyou ypdeouue To nopoandve und popen oltvOetng
ouvdpinong. Oo mopoAeifoupe yia Adyoug OlLeukdAuvong tng ypoenc tov delixktn i
(Bé1Tw x=x1)

T e’¢

oG =w X, Ye=5——oo L =log()

ol 0l dy. dg;

aw; 9y, dg; dw;

e9-Ymedm—edc.eoc

rooOi_ 1 %_i( e )_ (Emeom)?
L Byc_yc'aaj_azj Smeom/)

=y(A-y)avj=c

—e0c.e%j

Ceomyz — Ve ¥y @viFC

) ay {(1—yc) xl avj=c
dpa —

ta k&Be ouvamt Lkd RB&po TOU J veupdva
aw, yxm/];tc'Y Bapog J P

oL _ {(1 —Ye) " Xng QVJj=¢C

, Kol TeALRA
—YjXn AV FC

aan

oL al;

aan t 6wn]-
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AL 6pOwon ocpdApatog pe omicOodi&doon oto enimedo
deitypatoAnyiag.

Ta enimeda deiypatoAnPioac (pooling) dev dlabéTtouv TUPAPETPOUC TIOU HOo
aAA&Eouv ratd& Tnv exkmaideuon Tou INA. Autd mou éxoupe pdvo va k&vouue elival vo
unnoloy{ocoupe 1TLC¢ KAloeglg og oxéon pe 10 mponyoUupevo emnimedo. Av R gival pLa
meEPLOX TOU emLlmédoUu TOoU Unode lypaToAnnielital pe tnv dLadlkacla tou maxpooling

lavy =x;
Oavy # x;°

a
n éfodoc 6o eival y =max{x; € R} xrol —yz{

P Tia mopdde lyuo ov n mepLoxh
L

elval 2x2 Ba éxouuc:

X1=5 X2=8

-> 1 -> =
%o=3 | %=1 Max Pooling y=8

d d

J0x; dx,

d a

_y — 0 _y — 0
0x3 0x,

TUpewva pe 1o mapandve n oLdépbwon tev Roapdv Tou @lATpou Bo yivelr pdvo
via tnv 6éon tou enl tou mivaxka £€10ddou (KAT& TNV OUVEALKTI LKA dlLadlkacia) mou

noaphXx6n n péyLotn TLuR (to 8). IInv mepimtwon Tou average pooling, n kAlon 6o

elval mavtoU 1/n 6mou n elival 1o mMARBOC TV Otolxelwv TOU mopabUpouU (yLa TO

nop&de Lypa pag 1/4, n=4).

AL6pOwon cpdApatog pe omiLocbodi&doon oto enimedo ouvéALEng

1O OUVEALKTLKSO enimedo éva olATpo gival évag veupdvag pe Bdpn mou 1o mARBoc
Touc koabopliletal amd tig dLactdoelg 1ToU @lATpou. OL TLuéc £10ddOU HPOEPXOVIAL
amd TLC TLPEC TOU KAVOALOU KABOC autéc ouveAlocovial pe ta RB&pon toUu @lAtpou.
Autd pmopel va Bewpnbel oe plLa noupdAAnAn uvdomnoinon oOmwg ealvetoal oTo IXHUA

3.4.9, via dedopéva pLag dL&oTaong kol @ilAtpo eUpoucg tpla (3x1).

ay

’
950

3] a a
51 =L 52 =—L, 53 =L 5 uetaforéc tng ouvdptnong rOOTOUCQ

Botw 5 = =
0 95, 9o, o4

Wwg mpocg tTo abpolopata (éfodol abpolotdv), W=[W0,W1,W2]/ o = [0'0,0'1,0'2]T. O

LoxUouv ol oxéoelLg
Og = WoVo + W1Y1 +WoY2, 01 = WoY1 + WiV, + Wy Y3

Oy = WoYp +WiY3 +WyYs, 03 = Woys + Wiy, + Wyys
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Yo
9, o, 9 y
a_L = a_L : 6_:: = [80, 84,82, 05] - y; = 80Yo + 611 + 82y, + 833
Wo [ Wo y3
9, a, a ]
y
a_L = a_L : a_a = [80,81,62,03] yi = 8oy1 + 61y, + 8,y3 + 63)a
wi o Ow, y
L V4 ]
o, a, @ 7]
y
a_L = a_L : 6_!7 = [80, 84,82, 05] - }’Z =60y, + 61y3 + 62)s + 835
Wy [ w2 ys

Op = WoYo + W1Y1 + W),

01 = WY1 + W1y, + WyY3

Oy = WoY2 + W1Y3 + WY,

03 = WoY3 + W1Ys + Wy Ys

SxApo 3.4.8.

Tia Tnv omioBodi&doon 1ng d16pbwong Oo mpémel Vo UNoOAoylooupe 1TL1¢ moodInIteq:

OL O O
Byo Oy, T By
Wo
0 d, 0
L=t T [0, 81,82, 03] - 8 = §owo
ayo 60 ayo 0
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w1

9, o, 0 W
El = 6_6_0 = [8, 01,62, 05] - ol~ 8wy + 81wy
Y1 o "Y1
0
oL _ oL _
- — 60W2 + 61W1 + 82W0, - — 61W2 + 62W1 + 63W0
aJ'2 a3’3
2o 8wy + 83wy, AN 83w,
aJ'4 63’5

TevikdTepa, 0 éva OUVEALKTI LKO emimedo, n KALoOnN 10U TpEéXOVTIOCQ e€mlnédoUu mPOKUITE L
He 1NV OUVEALEN TV 8: UE TA OUVEALKTLKY QIATPO OVTIEOTPAUUEVH.

To TWANOOC TV E€MITEDOV KAL TV VEUPOVOV Twv, clival éva (ATnuo TOU HAC
anmocoyoAe . Aev un&pxel évac yevikdéQ TUnog-aAyodplbuoc mou va poac odnyel osg éva
BéATLOTO mARBoOC Tmopoauétpwv-Ropdv. ‘Evac peydiog oaplbudc Popdv aufhvel TO
UTIOAOY LOT LkO kKOOTOQ Kol umopel va odnynoel og Aemtouepn €kuddnon Tou ouvOAOU
exnaidevong akdun kKol ToUu BopUfou Twv petphocwv, £l¢ R&POC TNG vevikOTNTAC TOU,
dnAadn TNg €mLTUXOUCg TofLlvounong vEénv ayvoOoTwv mOpotlnwv. Autd 10 @aLvOuevo TO
ovou&louue vnmepeknalidsuon. MLxpdg aplbudc napapétpwov upmopel va odnynoel o
aduvapia exknoideuonc N xaunin andédoon-okpifela tafivéunong. Tnv neplntwon oUTH
avaeépoune wg umoeknaidevon. 110 SxAua 3.4.10 oeailvetal n dLaXwWPLOT LK KoumnUAn
TpL@v ovotnu&tewy evoég npoPfAfuatog dUo0 dLaoTdOewV VYVIX TLC TMEPQLOTOOELC TIOU
avaeépape .

Mio anArf pébodog sival va fexivdpe pe éva pLkpd TANOOC NUPUPETPWY KOL VO TO
aufdvoupue mpoodeUT LKA uéxpl v €xouue LkovomolntLlkd amnoTéAsoux. Exkelivo mou
ouxVv& supoaviletal 6tav éxoune UUNAn anddoon eknaideuong e€ival n unmepeknaideuon
mou dlamiot@vetal O6Tav 1o oUotnud poc taflvopel mpdtuma yvia Tt omnola dev

exnolOeUINKe KAl nopouct&lel youndn amnddoon. TI'ita voa eviomicoupe vwoplg 1O

X/o O
X 05 O
C)O()
X, X | X O
x @)
XX xxx"
X X X
(o) (B) (v)
YrnoeKnoLOeUPREVO Koavov Lk& exnoldeuUpnévo YuepeknalOeUREVO
oUoTNuo oUoTnu oUoTNuX
SxAua 3.4.10.

npéPBAnua xwplloupe 10 apXLlkd oUVoOAO S TV dLabéoLuwyv dedouévev oe dUo pépn. To
éva xpnoLpomnoleital w¢ oUvoAo egkmaideuong (Training set, T) xal 10 &ANO ®C
oUVOAO €mLKUPWONG TOU amoTeAéouatog (Validation set, V). ©oa mpémel 10 mocootd

enLTuy lag enmituyxoUg toflvoéunong (accuracy) va €{val uPnAd pe TDUPATIAACLEG TLUEQ.

48



3.4.1 ZUVEALKTLKA VEUPWVLKA SIKTUQ YLO ONPOCLOAOY LKA KATATHNOQN
g LROVQV

H xoat&tunon eitxdvag sival plra drtadilkoaocia emefepyoacioac 1tng e£Ltxdvog yLa TOV
gvionLlopd mePLOXOV UEe  OUykekpluévegs 1dLd6TnTEC. H onuoaoloAoylkh KoaT&TUNODN
Taélvouel OAa Ta ocuoxetLldueva €lLKovooTolXela o pla oudda. H MeEPLIITWOLOAOY LKA
kaT&Tunon dtoakpivel wg &exwplotéc ovidintegc ovilkeipeva tng (diag xAdong. H

IOVOIT LK KaT&Tunon ouvdudlel 1o duo mopondve €{dn ratdtunong. (IxHuo 3.4.1.1).

H Tunuatomnoinon Meptoxdv ditatpel tnv €lxd4va o meEPLOXEQ TOU PoLlp&lovial

TopPOUOo O XAPAKINELOT LKY, OImWG XPeOua Kol uen.

(a) Image (b) Semantic segmentation

A

(c) Instance segmentation (d) Panoptic segmentation
ZxApa 3.4.1.1: Hopadelypoata TV TPpLOV £L30V KaT&Tpnong eLlxkdévag.

TN ONUAOLOAOY LKA Kat&tunon 1o INA evepyel onwg otn dlLadlkaclia Toftvdédunonc
e 1tn poévn droapopd nwg aviti va tofitvouel oAdkAnpn Tnv €Lxkd6Va, Taflvoupel 1o k&Be
gLKovooTolyxelo 1Tng o0g ula mpokaBoplouévn  kKAdon (m.x &vBpwmnog). Toa  INA
ONUOC LOAOY LKAG KATATUNONG XENOLPOmOoLoUvIal o€ moAAoUg toupeic¢ tng Brounyoviog,

ng IatplxAcg, Tng TnAemioxkdmnNong K.o.

SUvABwc n gloodog gival pla ynetoxkny H x W x D pe D = 3 yia gitkdveg RGB, 13 D
=1 yla €LkO6VEQ AmOoXPOoewV ToU YKpL. H é€fodoc elval évag nivakag Ttunuotomnoinong
H x W nou x&Oe gLkovootolXeio aviimpoowneUetal and évav aképalo apldud (stLkéTA,
label) VT LTIPOCKWIIEUT LK  Tng  KAACNG TI1mOoU  OaVvAKe L (IxAua  3.4.1.2). SN
TPAYHAT LKOTNTO O XAPINg, mplv ndpel Tn TeALKO TOU upopon, €xel RP&boc (oo pe tov

apLoud 1Twv kA&oswv (SyxApo 3.4.1.3).
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ZxfApa 3.4.1.2:X&p1tnc KATATUNONG YLlx pLla €lkdva gLoddou.
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ZxfApa 3.4.1.3:TI{vokoc xaT&TUNONC VI pla glxkdva €Loddou mplyv epappooctel 1
argmax.

Ml ouvnOLlopévn mpooéyylon vyia eknoideuon INA yvia xatdtunon €Ltkdéveov €ival n
doun Kwd LKOMOLNTH/AMOK®S LKoo LNTH. Onou o mp®dtog Oa peLldvel 1In XwPLKD ovAdAuon
Ing e€Lo06dou, koL o pdAog 1TOoUu Ba elval voa odnyel og XEAPTEQ XUAPAKINPLOT LKAV
XOUUNARG ovAAuong kol o deUtepog OBa aufdvel TLQ YXWEPLKEC dLacTdoELC TOU XAPTN
XAPAKTINELOT LKOV. H pelwon tov dlactdoewv yvivetal pe tnv diLadlkacia Tou pooling
o6nwg éxel avoAubel oto Kepodolo 2. H mio dnuoelARg upébodog yvia tnv avénon 1ng
avéAiuong eival n ov&orpopn ouvéALEnN (AY), (transposed convolution:TC). ZInv
avaoTpoen OUVEALEN K&Oe  Tipn omd 1oV YXounAng ovdAuong x&PTn XUPAKINELOT LKOV
(mou épxetal amnd T TponyoUpeva enimeda nou  €dpace 1  max pooling)
moAAanAac L& leTal pe TLC TLpég x&nolou @lAtpou. Enelta, TomobeTroUVIOL OFf
SDLadox LKéEC Béoe g ToU X&PTn €&OD0OU XAPAKINPLOT LKAV KAl €10l auidvetal n oavAdAuon
TOU. ZUVENMG, €VO 1N KANCLKA OUVEALEN oupplkvdvel Tn mnAnpoeopla, n av&otpoen
OUVEALEN O LaCTEéAAE L TN mAnpopoplo kot €10l auidvovial ol dLacTdoe g TNG €LkOVAC
(A tou mivoaxra). T'ta mopdde Llypd ov evog ornd TOUg UNO-TII{VAKEQ XUPAKINELOT LKOV TIOU
npoéxrule and éva ouVeEALKTLKS enimedo (Kep.2) eilval 4x4 tdte pe tnv ov&ACTPOPO
OUVEALEN (AZ) pe éva @lATpo 2x2 xoal PRApa 2 (stride = 2) (&dpa dev £xouus
enLk&AUYN) Oa mpoxkUyel €évag uvno-mivaxkag 8x8 x&be otolxelo tou omolou éxelL 1NV

TLpn émwg delixvetal oto akdioubo TxAupa 3.4.1.4.
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IxApa 3.4.1.4: OAlcOnon tou @lATpou oe évav mivaxko A pe BHupa 2.

Av 10 B&Boc tou mivaxra oto omolo egpopudcbnke n AX eil{val D 161 k&Be 2x2 @lATpO
B mpémel va €xel P&Bog D dniadn OBa sivol évoag oyxkog 2x2xD. OL TLpég twv D
UIOHI LVAK®V Tou Bo mpoxUyouv Ba mpocteboUv. AV 10 mANOoc Twv 2x2xD olATpwv Ing
AT eival N o O6YKOC TWV AImOTeAeOoudTwv ToU Ba mpokUlel yia 1o napddelyud uog 6o
elval 8x8xN. Itnv O6An diLadilkaolia ouuppetéxel n ouvdpinon ReLU 6nwg Kol OTO

ouveALKT LKO enimedo.

H axoloubila Twv AT okodouBel opoU oAoxAnpwdel n dLadlkacia TV IE. (SxApo

3.4.1.5).

D1 D2
wy2 W/2 w

H/2 H/2 : D

Convolution layers + Max pooling Transpose Convolution layers

Fully Connected Layer

IxApa 3.4.1.5: Egoappoyh emimédeov A¥ émelta aud xphon IE
H 13éa xpAoNng oOg Pl CPXLTEKTOVLKA KOO LKOMOLNTH OMIOKWdLKOMOLNTH Omou o éva
INA mpootiBevial enmimeda ovACTPOENG OUVEALENG O KWOLKOMOLNTIAG HELOVEL TLC
diLacTtd&oelg NG £LkOvAC. Autd onuaivel WG oL TeAlLkol XAPTEC XAPOAKINPELOTLKOV dev
TEQLYPAPOUV TO AEMTOPEPY YXXQOKINOELOT LKA Kol TO TeAlkd amotéAcopa votepel oOe

akpifela (IxApo 3.4.1.6).
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TIpoBheym kotdrpmons

ZxApa 3.4.1.6: [HpdPRAeyn ONUOCLOAOYLKAC KATATUNONG €VOC HMANPOUC OUVEALKT LKOU
dLxtUOU.

Tia v  entduvon Ttou mnpoPAfupatog mnpotdbnke pLa PeAtiwon tng TOPAIAVE
OPXLTEKTIOVLKAC. T& auTl nmopatiBevial ol mivakeg XApPAKINPELOT LKOV IIOU HIPOERUYOV
OTa PX LKA KUP({WwG OUVEALKTLKA enimeda o nmivaxeg mou mnpoékufoav oce oT&dLla AN
apxkel PéPala va éxouv 1o (dlLo mARBOC VyPOPUPOVY KXl OTnA®V. I'lta noupdde lyud ov
HxWxD; glval 6ykog mou mpoékuPe and KATOLO OUVEALKTLKO enimedo kol HxWxD, 6ykKog

mou mpoéxule and xdmolo eunimedo A¥, mpoxUntel &vag O6ykog HxWx (Di+Dz) . H oUvdeon

auth ovoudletal ZFuvdéoei¢ Hapaxkauyne (skip connections) .
3
D1 D1+D2
w
wr2 W2 w
H | e—— :
H/2 H/2 D H

| Skip connection i

Fully Connected Layer

IxfApa 3.4.1.7: Aldypoppa Tev ouvdécswv (skip connections) .

Autd £€xel WG QmOTEéAEOUQ, otn Ol&pkela oamokwdlxromoinong oL X&pTeQ
XOUPAKTINEPLOT LKAV va elval mio akplPfelc roubBOc petapépovial Acmtopepe{c XwpLlrEQ
nAnpoeoplieg mou x&voviav Katd 1n dLl&pkela tng unodelypoatoAnyioc. Etocl 1o INA

mopdyel IMLO  OKPLPRH mepLlypdppaTa otnv  TeALKA  kat&Tunon (IxAua  3.4.1.8).

TIp6Bheym

ZxfApa 3.4.1.8: [pdPRAeyn pe xpHon ouvdéoewv mopdrapyng.
O Tedesvutalog oOykog mou mapdyetoal omd TNV £OXPUOYN TWV €mLmédv avioTpoena

OUVEALENG YIX pla apX LK) éyxpoun etkdvoa HxWx3 Oa elval HxWxD. Tia x&Be

gLxovooTIolyxelo Ba éxel mpokUyel €éva &dvuoupa pe D otolxela kol B avhKel O Pl
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and TLg entbuuntég xrA&ocelc. Anmd 1o onueflo oautd TA AVUOUATA OAIIOTEAOUV TLQ
g106doug €vOC VEUPWVLKOU JSLKTUOU exnoideuvuong pe nARpng ouvdécelg HE TEALKDN
ouvAapInon evepyomoinong tnv softmax kol ouvapinon kKO6CTOUG TNV Cross entropy

6nwg meplypdenkav OTnv mponyoupevn nopdypoapo 3.3.
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3.5. ANAAPOMIKA NEYPQNIKA AIKTYA

Eva emovoaAnmttkd veupwnvlkd diktuo (Recurrent neural network, RNN) e{voal
oxedlaopévo via tnv enefcpyoacia aroroudLoakdY dedouévwev, oOnwg kKelupsvo, NXoC
f XPOVvooeLpég. Je aviifeon pe ta diktua eunpdodLag tpopoddinong (feed forward
nets), Ta omoia emefepydlovial k&Be gloodo &exwplord, Ta RNNs dlLatnpolv pLd
KKPUEN» €0WTePLKA pov&da T1mou ouv-Tpoeodoteltal amd nponyoUuevesg TLUEQ

€1L06dou, emltpémoviag oto dilkTtuo va "Oupdtal" mponyoUupeveg mAnpogopleg.

AnAd avdpopika vevupwvika diktua (VANILLA Recurrent Neural Network)

Eva omAd Enovoanmtikd Neupwvikd Alktuo amotedel 1nv PBaocixkn doun evog
ETAVOAANTIT LKOU VEUPWVLKOU dLKTUOU KOl eglival oxedloaouévo yia tnv enefepyooia
AKOAOUD Lak®V dedouéveov. 10 eninmedo e1oddou pall 1nv T1péxouca elocodo
glLoépxovial Kol TLuéc mou mpoékuyoav and Inv mponyoupevn e€icodo. Eva snimedo
Bapdv eeappdletal xrol o’autéc. O ouvduoacudc TV OUo emlmédwv £Xel  ©C
amotTéAeopa nou ovoudletol kKpuen koatdotaon (hidden state). Se x&Be xpovikd
AR, n véa gowteplkh xatdotaon unodoyiletal pe B&on tnv tpéyxouca €{ocodo Kol
NV  TmponyoUuevn €0WTIEPLKA KATAOTOON, OUVAOBwC Péow PLOC PN YPOUUULKAG

ocuvdpinong énwg n tanh 1 n RelU.

H exnoaideuon vivetal péow 1tng pebBd6dou omiobodi&doong Tou OeAAPNATOC OTO
xpdvo (Backpropagation Through Time (BPTT)), 1n omnola emexteivel 1NV

napadoolak)) omtlobodL&doon yia va xeLpLloTtel TLC XPoVvLikéC €fapTtnoeLg.

Ta Vanilla RNNs ovilpetonilouv OJSuockoAlec otnv exudbnon paxpoupddeouwv
€EAPTNOEWY TWV TLUOV TNG akoAoubloag AdYw ToUu HPOoRBAAUATOC INCg €fapavi{dbusevng
) €xPNKILKAC kAlong (vanishing/exploding gradient problem). Autd onuaivel
6T L RABOC n axkoAoubla peyoardvel, 1o dirTUo duockoAeUetal va u&bel ouoxetLouoUq

PETAEU QIOUOKPUOUEVOVY XPOVLKOV BnudTnv.

Moap& 1Toug meploplopoUg Toug, Ta Vanilla RNNs xpnoLUOHIOLOUVIOL Of €QXPUOYECQ

onwG:
Av&AUOCnN OUVOLOOAUOTOC Of Kelpeva
AvoyvepLon eovAg
poBRAeYyn Xpovooe LpLV
AVAAUCH Og POV yeyovOTLY

I'taa mLo oUvBeteg epyacieg mou oamalToUV Tnv KatovdNnon porponpddeouwv
eEXPTNOEWV, TPOT LPAOVIAL XPXLTEKTOVLIKECQ O6nwg Ta Long Short-Term Memory (LSTM)
Kol Ta Gated Recurrent Units (GRU), toa omola éxouv oxedlLacTtel vix vo
avilpetwnilouv ta mpofAfuota tTov Vanilla RNNs
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TomtoAoyia Tou dIKTUOU

uonduN4 150)

Xt
Awaypappa evoc RNN
W:: - X(¢)
x1 () ()— wx©®
x(t) = [x,,(6) y() = V- h(t) + ¢

i Wy - X(t)
xy (t) | [hy(t) Vi-h®)+¢ [5
wy - x(t) ﬁ
(1) Vich() +¢oc | &
- 3
0
23
h(t) input with x(t+1) 1y Vg -h(t) + ck g

hi(t—1) (U; -h(t—1))
h(t—1) = hn(t'_ 1)‘ (U, -h(t— 1))
hy(t—1) (Uy - h(t — 1))

AvaAuTiko dlaypappa evog RNN

AkoAOUBOUV Ol PUBNUAT LKEC €REPACELC TOU OUCTIAUXTOC KOOOC Kol Ol OXEéOoELQ
via tnv d1dpbwon Twv PRopdv e Tnv pébodo omLobodLlddoong Tou COAAUNATOC OTIO

xpbdvo.
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x,(£) hy(8)
x(®) = |2, (O], x(t) € RM, h(t) = |, ()|, (D) e RY
xM.(t) hN‘(t)

— T M
W, = [Wnl'WnZJ""an»"'»WnM]; w, € R

w; Wi, Wiz, Wims  Wim
W=|Wu|=|WnuWn2 " Wnm,""sWnm |, WE RN*M
lWNJ lWNlinZi “Whm "')WNMJ

— T N
u, = [unlrunZI'“iunii“"unN]l u, € R

‘u1] [u11;u12;“'»u1i"“»u1N ] [bl]
U=|Uy|=|UnwUn2 "> Unir""»Unn |, UERNXN ’ b:[bn" bERN’
_llNJ lum, uNZ"";uNil'”luNNJ bN

[ V11, V12,5 V1j, " VN ]

1 - R
V= Vk|= Vi1 Vk2o 5 Vkjr " Ukn |, VE RKXN ¢ = |Ck|, c e RX
| P .|
f(wy; -x(t) +u; -h(t—1) + by)
h(t) =f(W-x(t) +U-h(t—1) + b) = | f(w, - x(t) + un:- h(t—1) +b,)
flwy - x(t) + uN:- h(t—1) + by)
‘Omou f(.) yn YPAMMLIKN cuvAaptnon evepyotoinong .. tanh(.)

y(t) =V-h(t) +c¢

Exna{deuon pe onitobodi&doon 1tou ocpdAuctog oto xpdvo (BPTT)

OewpoUpue 10 KbO6OCTOQ A(t) mou efaptdtal oamd tnv €£odo y(t) kol tnv emlbupnty TLRH

kaTt& Tnv e€lcodo Tou x(t). H ouvdptnon kdéotoug umopel eival 10 péco TeTpaywvLkd

opdAiua (RMSE) f n etepo—eviponia (cross entropy) kol egival &Bpoioua tewv dpwv A(t).

Ev 1toUtolC TNV KUpla onuoacia éxel n moodinIta A(t). Ymolovyiloupe apxlx& Tnv mocdinIo.

Tvoplloupe amd tnv av&dAuon Tou BP

WZ (t+1) = WZ ®) — p Z (8(>T . (y(—1>T
v(xy)
2= —-YTOf'(DINL, via 10 eninedo 650U

wv=1

N
8§ =841 WSt O [f’(c\(,)].vzzl Vi To Kpued emimedo
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Y10 eninedo e€&ddou Z=2

8% =[82,-,82,-,6%], 8= aka(t) (Moporydy Lon  POOUWTAC OUVEPTNONG ©C MIEOC
5 LévUoua) .
Sta xpuod enineda (=1, Z=(+1=2
I'ta f(x)=tanh(x) t6te tanh'(x) =1 —tanh?(x) = 1 — f(X)? &pax
tanh’(w,, - x(t) + u, - h(t—1) + b,) = (1 — h,,(1)?)
8! =82-VO[1-h,(©?]2,

y s N , A 9A A 9A  9A
AC gvoLapepLeELl O UIIOAOY LOPOG TWV vV "ac’ aw ' au ' ob

Me TNV £€0UPUOYH TV TXPATIHV®

dA

prrie SZT-hT(t) = (h(t) - 897" xai via tov otadepd 6po
0A T

dc 8

ere 1O OV XPNOLUOIO LACHUE €MAUENUEVA O LAVICUATN

Apa

oA

W 51" -x"(t) dpola

9 _ 1T 1o
Pl h'(t—1)
oA T
ab_8

YAOMOIHZH ZTO MATLAB
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KE®ANATO 4

EKIIAIAEYZH XQPIX EIIOITH

H eUpeon TV OUYKEVIPOOE®V TV MIEOTUN®Y oTav dev gival yvwotd 1o mARBOCQ
TOUC KOl n popeodoyia toug eival éva mpdBAnua mou amaoXoAel Tnv YHmoAOyLOT LKA
NonuoouUvn, tnv avdAuon kol tnv £&dpuén dedouéveov. I'ta Tnv AUON ToU mpoTelvovIal
evdLapépouceg TeXVLIKEG pe douh 17 OXL VeEUPwVLIKOU dLlktUou. Yndpxouv molkiAec
eV LaPépouceC TMUPOAAAYEC TOU OmWC N LepapX Lk cuctadomoinon. Kplolpa €pothpoto
elval 1o mANBGOC TV KA&CEW®V, Ol QImOOTACELC PeTHEU TV HPOTUNOV ) €0WTEPLKA
dlaomopd KoL I HOPQOAOY I TV OUYKEVIPOOEwvV. H pétpnon TOAADYV YXXAQAKINPELOT LKAV
Kol N nmolklAla Twv mpotUnwy €i{val Bactkol noapdyovieg nmou emitelivouv Tnv dUoKoAla

TOU TPORAAUATOC.

AxoAoUBbwc Bo mapoucL&ooupe tpelg pebddoug exnaidevong xwplc emdmin. Ot
dUo mphtec eilval aAydéplbpol mou pmopoUv va xenolLpomolndoUv yla Tnv eniAuon
OXE€TLKOV mPoPANuATOV 1) va xpnotpomolndoltv wg epyoAela oe meplLocdtepo olvBeted
epyacieg. H tpltn eival pla pébodoc mnou PRaciletal otnv Agittoupyla evoéc
VEUPWV LKOU JdLKTUOU Kol umopel va amotedécel Paon yia Tnv oxedloaon Toflvountov.
H pébodoc outhy dilvel 1tnv duvatdinta cmonteloag o XOPwV He TmePLOCOTEPEC TV
TPLOV dLacT&oewV MOU I avoIIapdoTaoy) Toug o éva oUotnua afdvev sival yeopetpLlrd

adlvatn.

4.1 O AAy6pLOpog ISODATA f K-Méowv (k-means 5§ c-means)

O AAYy6pLOuog Twv K-péowv TLTAOQoOpelTal kKol w¢ ISODATA 17 aiydplduog Lloyd’s
Kol glvoal amd 1oUg dnuoeLlAécTepouc aAyop(iOuoug ocuctadonoinong. OL opoldINTA TWV
IpoTUnwV meplypdpetol pe tnv EuxkAe(deia Andbotaon. K&be ouykévipwon raboplletoal
and éva onuelo-avt LIpdoOWIO CTO XOPO TWV IPOTUN®VY KAl G’ oUTHVv aVvAKOUV To TpdTUId
mou améyxouv uLkpdtepn amdéotaon arnd Tov avTLnedowno oUTHC OUYVKPLT LKA HEe TOoUQ

QVT LTIPOORHIOUC TWV AAAWV OUYKEVIPOoewvV. O avilnpdownog ecival o pécoc 6poC TWV
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npot1UNnwV TOoU QIOTEAOUV TNV OUYKEVIPWON kKol ovou&lsTtal KEVIPO TNng KA&ONC.

AKOAOUBWC O oAYOPLOUOC TeEPLYPAEETAL YVLIX TIPOKAOOP LOREVO TANOOC CUYKEVIPNOEWV .
Eotw,
- I 10 mARBoc¢ Twv mpotUnwnv, K 1o MAABOC TO OUYKEVIPLOEWV,
- N 10 mANOOC TwV XAPAKINPLOT LKOV,
- x; € EY mivaxkacg othAng mou meplypdeetl 1o i mpdrtumo, i=1..T

- cx € ENY mivaxkag oTAANg mou meplypdpel Tov ovtlmpdowno (kKEVIPO) Ing k

kA&ong, k=1..K

- B mivakoag I x 1 oe x&be otolxelo 1 1Tou omolou kataxwpeltal 1N OUYKEVIPWON

mou avhxkel To 1 mpdtumo, (mx bi=k),
- t perpnthc emavaAning.

Tia t=0 omodidovial tuxaleg TLpég ot €k, ylia xr&be k.

EnavaAiniyn
Tia i omd 1 éwc I

T'ia k&Be mpdtumo uvnmodoyllovial ol

biz

arnocT&oe ¢ ToU ommd T KEVTIPA OAWV TWV
. N 2
mkln{ =1 (i — Cy) }

KA&CewV KOl Koataxwpeltal of auth mou

éxel KOVILvOTEpO KEVTIPO OTO HPOHTUIO. )
X P P P TENOC VLIOL.

t = t+l

T'ita k oamd 1 éwc K

Tia k&Be xA&on uvnmodoyiletal TO p=y 1
= Lvbi=k
nAN®og¢ P 1wV mpotUnwv IMIOU AVHKOUV '
. b=k Xi
otnv KAAON Cx = —p
Yrnodoy{letal TO KEVIPO TNG KAAONC TéXoC vLia.

Av ck(t)= cx(t+l) via x&be

k, TéAog emov&Anyng

Av ta kévipa napape{vouv (dLa o

aAybpLOuog tepuatiletat
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$1T0 XUxApa 4.1.1 oalvetal n peTakivnon TV KEVIPWY IOV OUYKEVIPOOEWV OF

dLadox Llkég emavaANlelg Tou oaAyopiBuou.

% X
)@)ﬁ%;+“i< ><:X}-

X
RO £
>+ | >;«}»XX

X
><X

b
"

Sx. 4.1.1.

Elval duvatdv emiong x&motlto 1) RAIO LA KEVIPA VO PNV £XOUV KAVEVQ
KOVTLVOTEPO mPOHTUIIO KL ®WG €K TOUTOU va éxoupe Alydtepeg and K ocvuotddeg. IT1nv
neplntwon outh) 10 KEVIPO TomoBetel(Tal KOVIA O mpdIUMNO TOU améxel meploodIepo

6Awv ammd 1o KEVIPO Tng ouot&dag TOU.

O k-means OBewpeltal €évag YyPNYOPOC, APKETH OImOTeAe0oUAT LKOC aAydplOuog ue
eukoAla otnv vdomoinon. Alvel xaAUtepa amoteAéopata 6Ty TO OUVOAO TV dedouévav
elval dounuévo og JLAXOPLOLPEG OUYKEVIPOOELC. MelovérTnua elival 61l amattel TOV
npoxraboplopd ToUu aplBuol TV KEVIPWY TV oUcoT&dwv. H Tuyxala emldloyh Tng TILPACQ

AQUTOV TV KEVTIPWwVY umnopel voa un poag odnynoet oe koaAd oamotéAeoupa. Eniong, o
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aAydpLOpoc noapouct&lel aduvapioa otov xelplopd dedouéveov e 66puPfo 1 axpalec
TLuéc KoL ammoTuyx&ve L yio  un oupnoyéc  oUVOAO dedouévav (cpalplLxéc
OUVKEVTIPOHOeLG) . Ol pecok&OeTOl TOV KEVIPWY AMOTEAOUV TLGC YPOUULKEG OLUKPLTLKEQ
OCUVOPTAOELC TWV OUYKEVIPOOE®WY Kol ouvBétouv To0 Agydbuevo OLl&ypopupox Voronoi

(Voronoi tessellation, SyxfAuo 4.1.2.)

Sx.4.1.2.

4.2 Ane(ké6vLIOn AAUCIdAG KOVTILVAV YELTOVWV.

H oameixkévion oAvoidag¢ (chain mapping) elval pla pébodog amAn oAAK
UTIOAOY LOT LK& damavnpl) mou otoxeUel kKUplwg otnv eUpeon JLadOX LKOV VYVELTIOVLKOV
onuelov mou ovou&loupe aAucidec. H 1diLaltepn popeoroyia twv oAucidwv dev TLC
ko LoT& oavixvelolueg ¢ ouykevipodoelg omd oaAyopibupoug oSmwg o ISODATA.
XpnoituponolelTal ouxv&d oOTLgC ueBddoOUC LepapX lKAG ouctadomnoinong. Odnyel otnv
emonTe . TNC KATAVOUAC TV MOEOTUNWV Of MOAUDLACTATOUC XWOPoug kKol umopel vo
xpnotpomotn®el vyia 1Tnv  exTipnon Tou MAABOUC KL  TOU TEPLEXOREVOU  TWwV
OUYKEVIPOOE®WY TOUC. IUpewva pe auihv OnuiloupyoUupe ploa diLadpourn petafaivoviacg
and k&Be nmpdtumo oOTo0 velTovikdTeEpd TOU, Eexilvdvioag oamd KamolLo TUyalo.
Kataypdeoupe dLadoX LKA TLC TLuég Tou delkin TOU mpotUnou, Tou delkTin tou yveltovd
ToU Kol Tng¢ amdotaong toug, Xwelg va petafolUue oeg npdtuna and Ta omola &xouus
OLEANBe L. Anuioupyelitol €toL pLa axodoubla dy=[1,],De(xi,%x5)]. Gcwpolue tov 60O
m tng akodoublog pe NV peyodUtepn Tiuh andotaong, dyr=max{d,}. To oUvolro Ci={xi/Xi
éxetl deirtn tnv Tip 1 yvia do=[1,3,De(xi,x5)] pe ns<m} oamotedel tnv pla oamd dvo
OUYKEVIPOOELC TwV TOoU oOUvOAoU Twv mnpoItUmwv. H deUtepn kA&on eival 10 oUVoAO
Co={xy/%; éxeL delxtn tnv TIph J viae dn=[1,7F,De(xi,%®5)] pe n2m}. OewEdVTAG TNV
enduevn upeyoAUTepen TLuR m’ mou Ba aviiotolxel og otolxela pioag oamd TLg dUO
OUYKEVIPOOE LG umopoUue va dLlaxwplooups outhv oe dUo uépn O6O0G MOPONYOUREVWS

K.O.K.

H pébodog amaltel Tov unoAoylopd Tou HiVvaka TV onocTHCEWVY TV IMIPOTUNIOV

HeTaly Toug kKol elval modumiokdintag O(n?).
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[TAPAAETIT'MA

Eotw T mpdiuna
x; = [10, 8]7, %, = [9, 7]T7, %3 = [1, 10]7, x4 = [2, 8]T, x5 = [4, 1]T

O mivaxog twv amoctd&oewv TOUQ £lval

D12 D13 D14 Dis
7.8112.24(18.94|7.21

D23 D24 D2s
5.83(12.24]11.0

D34 Dss
7.28 | 5.39
Dys
2.0

Zexlvdvioag oamd 1o onueio x; pertofoivoupe oto yveltovikdTeEpd TOU K.O.K.

Kataypdpetal n akoloub (o

d, Dz i j 6,00

Q| 22413 |
d2 5. 39 3 5 3,00
2,00
d;| 1.0 |52
1,00
2 . 24 2 4 0.00 .
d. . D13 D35

D52 D24

H tiuf 5.39 gilval n peyodUtepn Otnv OTHAN TV AnDoCTACEWV KoL opopd 1tov Opo
m=2. I'taa n<2 o delring i pe tipéc 1, 3 rabopilel ta mpdtuma Ing CUYKEVIPWONG
Ci={x1, X3}Kal yia n22 o delking j pe tLpég 5,2,4 robopilel To mpdTUma 1N¢

ouvkévipwong Cr={xs, x4, X3}, IxHuo 4.2.1.

15 T T T

10




Sxua 4.2.1

4.3 Xaptng ameLlKOVLIONG XOPAKTINPLOT LKAV HE AUTO-0OpPYAVWOT)

O X&dpotng Ameikoviong XopaKTneloTLKOV ue Auto-opydvwon (SOFM: Self organized
Feature Map, SOM) otoxeUel OT1nv ovamapdotaon Twv onuelov €voég TOAUS LACTATOU
XOpoUu mou €{val 0 apXLKOC XOPOC TV HPOTUNMOV 0 éva XOPo AlydTepwv dLacTACEWY,
ouvhbwg dUo dLactd&oewv, dLATNPEOVIAC KATA To dUVATOV TNV TOMOAOYLKA-YVE®UETIP LKA
JOPN KL T OTATLOTLKE XUPAKTINELOT LKA TV dedopévov Tou apX LkoU Xdpou. Katd tnv
avarnapdotoaon outh €xk1d6¢ and Tnv pelwon 1Tov dlactdoewv yvivetol kol pelwon tou
nAfboug Twv onueiwv otov TeALkS XOdpo mou ovoudloupe XAOTn OOELKOVIONG TV
XOPAKTNELOTLKOV. BéRolta ool Ta onuela tou x&potn cival Atydtepa and oautd TOU
apxlxoU eival mpoeoavag o6tL ouxvd oe éva onuelo tou X&ptn Oo amelxoviloviol
TOAAG  onuela  TOU QpXLlKOoU xhpou. Exelvo Odpwg mnou npwIloctwg npémel Vo
dltacpoariletal elval 61l n yetrtviaon d0o onuelwv TOU apXLKOU XOooU Oa ouvendyetol
Kol velTviaon tov anelkovicenyv toug oto x&ptn (oto (dLo f o0g yeltovIkA onueia) .
Autd pmopel vo dLegukoAUvel TNV omntlkomoinon kol tnv oavdAucn dedouévov ulnidv

dLaoTdoEWV .

Evoag SOM gival éva texvntd veupwvikd Olktuo evog emimédou mou ovopdletal
kKol enimedo aviaywviouoUu (competitive layer). OL SOM mpotddBnkrav omd 1OV

T.Kohonen!l) kol ouxvé& xaioUvial Xdpteg Kohonen 1§ Aixtua Kohonen.

[1] Kohonen, Teuvo (1982). "Self-Organized Formation of Topologically Correct Feature

Maps". Biological Cybernetics. 43 (1): 59-69.

Ta onuelo TOU e€mlmédoU aVIAYWVLOPOU (X&PTINg) Aéyoviol KOuBot KoL
AgLTOUPYOUV WG VEUPOHVES, dnAwdn €éxouv petaBAntéc-Rapn xal e€ival ouvAbwg
dLatetayuévol og TeTpaywVvLlkd 1 €fayovikd mAéyua dU0 dLaoTACEWV TIOU AEVETAL
Kol xkavafog (grid), IxApota 4.3.1, 4.3.2. BEva dixTtuo Kohonen sival pLa
UIIOAOY LOT LKI NIPpoCéyyLlon mou Roaciletal oe éva unyxoviopd oavioywvLopoU mou

nopaTnPEROnKe o PLOAOY LKA OUCTAPATH VEUPHVOV .

Kat& tnv @don tng exnaideuong tou dLktUou Kohonen dev €mldLOKETAL 1)
gAay loTonolinon xk&moioag ouvdpinong kéotoug. H dLadixkacia exnoaidesuong eival
ETIOVOANTIT LKA He TmpokaBopLlopévo aplbud smoavaANPewv mou kaboplleTtal amd plLo
Tipun  T. XopaXTINPLOT LKA TOoU aAyoplBuou sival n évvola TOU VIKNTH VEUPOVA KL
NG yeLTOVIAC ToUu. Bvag veupdvag ovoudletol VIKNTAC KAT& Tnv @e&on Ing
exna{devong 6mwg Bo avorubel mapaxrdiw. OL yelTovikol ToU veupdveg OTWC
opllovial gival décol PRploxkovial oce pla meplLoxhn Tou koav&Bou mou €xel KEVIPO
TOV VIKNTH. Av n meploXh €ival TeTPaywVvLIKA o &va Tetpaywvikd k&vafo n nAeupd
NG yvettovide upmopel va eilval 2xd+l émwg oaivetal oto oxAua 4.3.2. JTOV
aAyoépLOuo xpnolpomoleltal Kol n mopduetpoc expddnong o. To mA&TOC ING
YELTOVLIACQ KoL N IopdueTpog erudbnong petafdiiovial xoatd tnv dL&PKeLlA TNC

exnoaldevoncg.
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H exnai{deuon Tou VveUupwvLlkoU dLKTIUOU yvivetal wg €&AHQ:

Koabopiletal o r&vapfoc ToU emlmédou avIiaywvLlouoU, m.X. onwg orto IxAua 4.3.1
6mou 1o emimedo aviaywvliopoU el{val TomoBetnuévo og évav xr&vaBo 8X8. AV kKol O
xk&vapfog gival dLodldoTatog, oLl veupdveg £€xouv oaplbundel pe éva deixtn k mou
nmoalpvel aképalec tTiuéc amd 0 éwc 63. Av x €ERN 161e x&Oe veupdvac k otov k&vaBo

Exel £va SLAVUCHA BApdV Wi = [Wik o Whk - Wikl -
EXTeAOUVINL IO DUPOK&T® RAuATA:

Opiloune éva uetpnty enovéinyng t=0,1,..,T. Anmodidovial tuxalieg TLuég OTX
RB&pn TV veUupdveov wnk (0) pe TLpéc mou mpokUntouv and 1nv mpdobeon ULKPOV TUuXaiwv

apLOuOYV oTn péon TP TV oavUuoudtewv x OAoU 1o ouvbAou exnaldeuong.

Apxlromoleltal n mnophuetpog exudbnone o(0) pe pLa pLken OeT LR T Lun,
ouvABwg petoéU 0.2 kot 0.5.

Apxlxromoleital n mopdupetpog d(0) pe tnv tiph 4, mou elval (on pe 1o pLod

TOU €Upoucg ToU Kavdafou.
EnitAéyetal éva Tuyxalio &vuopa x(t) amd 1o oUvoAlo exnaideuong.

Yrnolovyiletal n €é€£odog ox(t) TOU veupdvVva k oUpowva upe Tn oxéon:

0, (8) = lIx(t) = Wi (I = VEN_1 (xn(8) = Wi ()% (4.3.1)
Elval goavepd nwg n ox eival n EuxkAel(deila andotaocn petall tov x(t) rol wg(t) .

O veupdvog ¢ avaxrnpuooetal VIRKNTAG e&v Lravomole{Tal 1 OUVOAKN oc(t) =
min{ox(t)}. E&v oL éEodol dUo veupdvev eival {oceg, 161e kat& oUuRoon emLlAéyeTalL

autbdg ue 10 pLkpdtepo delixkin.

Ta B&pn wWx AVaVERVOVIOL CUUPOVY UE TLGC TUPUKAT® OXECELQ:

wnk (E+1)= wnk (t) +Awnk (£) (4.3.3)

a(t) - (xp(t) —wpi(t)) ov  k € N
AWpg = (4.3.4)
0 av k & N,

6mou Ne 10 OUVOAO TwV deLlKTAOV TOV VEUPOVWY mou PBplokovial péoa o éva TeTpAYywVOo
ToUu dLodldotatou Kavapfou pe KEVIPO TO VEUPOVA VLIKNTH Kol mAeupd 2xd(t)+1

(yeLtTovIi& TOU VLIKNTIN VEUPOVA) .

Auldvetal n peTapBAnth emovdAning rotd éva kol amod{dovial véeg TLPEQ OTLC

pnetapfAntéc o(t), d(t) olupwva ue TLC OXéoeLq:
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a(t):a(O)-(]—%) (4.3.5)

d(t)= d(()).(z—iT) (4.3.6)

Ta BApaTa 4 éwg 8 smovodoufdvovial éwg 6Tou n peITafAnth t ndpel tn PEYLOTN
TEALKD TLUN T. Elval oavepd g ol peTafAntéc o(t) xat d(t) ouykAlivouv oTO

undév xabdg n t Telvel otnv tipn T.

MeT1& tnv exnaideuon r&Be &vuoua €10d6dou ToUu SOM avilotolxiletol-
ametkoviletal amd TOV VEUPOHVA TIOU avaknpUooel VIKNTH. K&Oe veupdvoag TOU
emiLmédou €&6O0U avTlnpoowneUel pla opdda mpotUtmwyv (cluster) . Ipdtuma ue
BneyaAn opoldINIa (YELTOVIKRKA OTOV apXLlkO XOpo) avIlmpoownneUovial omd 1ov (dLo
VEUPOVA ) YELTIOVLKOUG OT0o emimedo aviaywvlopoU. NeUupdveg MOU VT LIPOCWIEUOUV
peyéAo mAnbog onuelwv ToU apX LKOU XOpou eival onuavilxkol og KEVIPX
OUVYKEVIPOOoewv (ruploapxol veupdveg), IxAua 4.3.3. Neupdveg TIOU VI LIPOOWIETOUV
pLxpd mARBog onuelowv upmopoUtv va amopplebolv. Ta B&Pn TOV VEUPOVEOVY £XOUV TLC
dLaoTACE LG TOU QpXLlKOU XOPOU KXl WG €K TOUTOU ol KuUplapxol veupdveg amoTeAoUv

pla aVI LIPOOWIEUT LK UNOYPOXPN TV OPXLKOV TOAUIANOOV SedOUEVOV.

Av OTOUG Vveupdveg arnodoboUv eTLlkéteg (Labels) 161e 10 Vveupwvikd dixrtuo
Kohonen unopel va gival nmpo-enefepyactNg evdc ovuothuatoc tafilvoéounong. Ta dikTua
Kohonen omoteloUv €lalpeT kO gpyorelo avdAuong 0edouévev Og TOAAR €ILOTNUOV LKA
nedla. EEeAlypéveg enmertdoelg ToUg €lval ol avamtuooduevoLl XAPTEG AUTOOPYAVWONG
(growing self-organizing map, GSOM), ol oUupoppol xdote¢ (conformal maps), Ol
XPOV LK& IPOCUPUOCTLKO[ XApTeC QuTto-opydvwong, (time adaptive self-organizing
map, TASOM), Ol HPOCHAVATOALOUEVOL KAl €HNeKTAOLUOL X&pteg (oriented and scalable

maps) .
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SxAua 4.3.1

1
+
+
+b +
08l + + O+ +
0.6¢
+ + + +
o + 1O
0.4 + o _tH_-F
+
O
0.2' + +
O .+t
+ + + '+
0 L
0.2 0.4 0.6 0.8 1

SxApa 4.3.3: OKTO veupdveg (UmAe XKUKAOL) VI LIPOOWIEUOUV T

dedouéva.
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KE®ANATO 5

ANANYYH XAPAKTHPIZTIKON

Mia onuovilxy epyoocia oe €éva oUoTnua ovayvopLong eival 1 ovAAUOn TV
HETPOUUEVOV XOPOKINPELOT LKOV TV HPpoTIUnnv. Me tnv avAAUCH TV XXPAKINELOT LKOV
netuxaivoupe 1nv ofLoAdynon IToOUg, TNV E€OLAOYH TV KATWAANASTEPWOV YyLla TNV
T Lvounon Twv mEoTUN®V KXL TNV €AATTWwon Tou mAnboug Toug. I'ta mopddelypa éva
XOUPAKTINELOT LKO Je KOVILVEQ TLUECQ péoa oe k&bOe ploa kA&ON xrol oca@OC OLUPOPETLKEQ
TLpég petall TV KAGoewv £lval «KOAO» XopaKTInELloT Lk tafitvopnong. Me KaATGAANAECQ
neboddoug  avAAUOCNC  XOPOKINPLOT LKOV  umopoUpe vo  odnynbolus Kol oe  Vvéa
XAPAKTINELOT LK& TTOU TPOKUNTOUV amnd ToVv Yypoauplkd ouvduaopd TV apXLKOV Kol €lvoal
KAToAANAOTepa and autd. AKOAOUBWC Oa doUue pnebddoug avAAUCNG XXPAKTINPLOT LKAV

oe ovuothpatTo expdbnong pe kol Xwplc emdmin.

5.1 AvA&Avuon XOPOKTINPLOT LKAV OTnV eRNaidevon pe endmnipg

Mio onuovt LKA e€pyacia og éva oUotnua avayvoplong e€ival n e€mtAoyn £vdg pLrpoU
OUVOAOU KUATAAANAWV XOPOKTINPELOTLKOV amnd €éva moAU peyoAUtepo. H emidoyh 1wV
LOXUPOV  XOPAKINELOT LKOV elvat kplolpun via TNV  QOoTeAeopAT LKOTINTA  TNG
Taétvéunong. I'ia va eAattwbel 1o MANBOC TWV XAPAKINELOT LKAV We TNV emnLioyn €voc
OUVOAOU «KOAQDV XOAPAKINELOTI LKOV» 1ou Ponbolv 1tnv tafilvoéunon, exteieltal pLa
dradiraoia af LoAdynong pe XpLIhpLla TNV SLaXwPELOTLKOTNTO (Separability) ol 1nv

ovuoxétion (correlation) TwWV XUPAKINELOT LKOV.
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Tla TOV £éAgyxo TNCg LRovOINTOC OdlaXwplopoU xkobopliletal o mapdyoviag

SlaxwploTLKOTNTAC (Separability factor) Ség petaét dUo toomiBoavayv rA&cewv A

Kol B via r&Be xoapoakInplotikd v amd 1n oxéon:

A_,B

(oH2+(af)?

émou ui, uB, eival oL péoec Tinéc xat of, o oL tumikéc amoxAiceic o k&bBe

kA&on. MeydAn JdLaxwploTLlkOTNTH onuaivel OTL TO YUPUKINELOTLKO £€xel peydAn
LkavoTnta va dltaxwplldel tTLg¢ 800 KA&OELC PeTaly TOoUC. IoodUvaua xpnolLupomotlelTal
n nocdinia

g2 — _oud)?

v (@)% +(07)?
YVOOTIN ©¢ Adyog S1dkplong Koatd Fisher.

Tia tnv oav&dAUCn TNG CUCXETLONG TV XAPAKINPELOT LKOV umoAoyiletal O HOPAYyOVIAC
ovuoxétiong (correlation factor) yioa k&Be OU0 XUPAKINELOTLKY VvV KAl A mpoTUnwv
Iou avAhKouv oInv (dita 1&én p, olUupwva pe 1n oxéon

1

K
1 vt _ _
Kp Yiem1 Covie— ) (X e —12) _ o

p
= = .2
Cua . e (5.2)

6mou Kp gilval 10 mAnboc Twv otolxelwv Tng KAAONG P, Xvk KOL Xax Ol TLUEQ TV

XXQAKTINOLOT LKOV, Wy, Uy, 0, KXL 0 OL Péceg TLUEC KoL Ol TUNLKEQ omoxkAloelg twv
TLHEOV TOV XOPAKINPELOTLKOV otnv T&En p. O oplBuntiHc ova TOU KAGOUXTOC AéyeTal
etepooucxétion (cross—-correlation) 1TV TLUOV TV OU0 XOPAKINPELOTLKOV. O
TOPAYOVTIONG OUOXETLONG PeTpd TNV opoldInIta PeTalld 1Twv OU0 XUPUKINOLOT LKAV KoL
noilpvel tTipég petoféld -1 xat +1. Mia Tipn xovid oto +1 1) oto -1 onuaivelr 611 T
dUo XapakTneloT k& ouoxetilovtal moAU 1 ouoxetilovial aviiotpopa, aviiotolXo.
Mia tLipf xovi& oto undév deixvel O6TL IO YXUPOKINPLOTLKAE elval xoatd 1OAU
acuoxétTLlota. Otav dU0 XYOpAKINPELOTLKE €Xouv uey&An oucxétion upmopolUpe  va

amopp {oune éva €x TV OUO.

[NAPAAEITMA

Alvovtal ol mivakeg teoockpwv mpotUnwv Ii, Iy, I3, I

0 1 0.5 1
xft = [1],365’ = [O.Sl,xf = l—ll,xf = [Ol
0 1 0 1

Amoppiyte 10 XeELPOTEPO XUPAKINELOTLKSO Pe TO KPLTIAPLO TNC SLaXwPLloT LKOTINTIAC.

0+ 1)/2 1/2 0.5+ 1)/2 3/4

ph = (1+0.5)/2 — 3/4 uB = (—1+0)/2 — —1/2
1

2

0+ 1)/2 1/2 0+ 1)/2

-1+ -1 o A=32+ y=3/p7
z 2 2 =1/, (07)" = /4 > f2= s =116

(of)? =
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-1 +a-1? A/ =3/p* + 1= 3/p)?

(04)* = > /4 (6f)? = > = 1/16
-1+ 1/ + -1/ -1/ +a-1/p
opp =TTy, o =AY

Sl — 1*/2=3/al 2 _ 1*/a+/a] 3 |1/2—1/2|=

e 1/4+1/16, 4 /1/16+1/4, e \ 1/4+1/4

O oUVTEAEOTAC SLAXWELOTLKOTINTAC VIA TO 3° YAPaKINELoTLKO glival undév kol vy’

autd umopel va amoppLebdel.

5.2 Av&Auon XOPOKINPLOT LKAV OTnv erknaidevon xwpig¢ endmtr

Tia  1tnv  ovAAUCnH XOPAKINPELOTILKOV otnv  exnaidevon xwplg endnotn, B
neplypdlyoupne tov petaoxnuatiopd Karhunen-Loeve (KLT)7 pébodo av&dAuong kKUpLoVv
ouviotwodVv (AKY), (PCA: Principal Components Analysis). H AKZ eival éva péoo
HE TO omolo «yevvOVTAL» VEX XAPAKTINPELOT LK& and To UDAPXOVIXN, OOUCXETLOTX PETNEU
TOUG. Me 1oV petoaoynuatioud eilval dUvATh N AVILIPOORIEUCH TOU OPX LKOU OUVvOAOU
TOV  XOUPOKTNPLOTLKOV Je &AAX AlydTepa KOL OQIOTEAEOPAT LKOTEPH [OU dLatnpolv
onuovtLkd pépog INC ninpoopoploagc tTwv dedopévov. Me 1 xpHon ITng  AKIS
eETLTUYXAVETOL N aUénon 1ng dLaomopdc TV TLUAOV TV XUPAKINELOTLKOV, n ueloon
TV dlaoTdoewy KAl 1 ouunieon Tng nAnpogoplag.

Tia éva oUvoAo K avuopdTtwv og N-3LaoTHOEDV XOPO XAPAKTINPLOTLKOV €0Tw OTL Xx

elval 1o didvuopa mou dlvetal and tnv oxéon.

Xy = X1x  Xox e Xyg e xNKlT (5.2.1)
Me péoco 6po  p=x =E[xk]=% K ix.=0 (5.2.2)

émou E[.] n poabnuoatikn npocdokio. Av o pnéocog 6pog¢ BPx dev eglval 1o undevikd
dL&vuopa 1é6TE TPOmMOMOLOUPE TLC TLUEC apalpdviag amd outég Tov péco Opo TOUCQ
©oTe Ol TLRéc mou Ba mpoxkUPouv va £€xouv undevikd péco 6po. O nivaxkag ouvd LaocIopdd
Cx OAWV TV AVUOUATWwV ToU ouvdoAou eknoaidevong dSilvetal amd 1n oxéon (ue 1nVv
npotndéOeon 611 o0 pécocg 6pog elval undév) .

2

0y 012 *° 01y - OIN
2
021 03 '+ Oy ON
_ 1 _ vk r_ | ¢ : : : : :
Cx—E[xx]—E =1 XXy = (5.2.3)

Oy Oz 0 O " ONN

2

ON1  ON2 ONv ON

K&Oe dlaydvia TLUR 0Z Tou mivaka ouvd Lacmopdc eXeEdlel Tn dLACHoPd TV T LUOV

Xvx  (&&ovog V), evd ol undAolmeg TN OUVDLXOTOPA Ovx HETNEU OUO S LUQOPET LKOV
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HETAPANTOV Xpx KL Xyx. O mivaxag Cx elval ouppetplkdc pe Oetikég tLpég. Elval
oovepd g yia Tn dLadlkacia tng tafilvounong eival €alOuUPNTéC peyadAeg TLPEC TV
dlaywviwv TLpov o2 dLOTL poptupolv  éva peydio anioua  (spreading) TtV
dedopuéveyv, evd elval emibuuntég UNdeVIKECQ TLPEC VIO TLC ouvdloaomopéc QoTe Ol
petaBAnTéc va elval peTafUd TOUQ QOUCYXEéTLOoTeEC. T'La voa 1O emLtUyxoupe oautd
avalntoUue £éva TéTOolL0 peTaoxnuatiopd W mou 6Ba sropdletal and &évoa mivaxa NxN

dote Ta Sltoaviopata y=WT-x voa éxouv mivaxa ouvdioaomopdc Cy je UNSeVLIKEC

eTepooucyeTloetlg. O LoxUel:

C,=E[yy"]=E[W'x (W'x)T]= E[Wxx™W]= WE [xxT]W= W'C.W (5.2.4)

O mivaxkag Cx elval ouvppetplkdg OeTtk& opLlopévog kKol  éxel  LOLOTLUéEC A>

A> AL O>A>0 pe ovitiotolxa povadiala 13LodLavicuata €1,€2,..,€y,..,ey. Av A=

A 0 -« 0

0o 4, - 0 , T )

. S .| xor @=[aqi, .., Qu, o, qu] LoXTel: QMQ=T xat Q -Cx-Q=A. (Aec HupdpTnuo)
0 0 - Ay

Av o mivaxkag W=Q t61e and tnv (5.2.4) ouvendyetoal 61l Cy=N.

A 0 - 0
c,=|% % =2, m>h>.>a>.>1 (5.2.5)
0 0 - Ay
Ta SLavUoPATA Yy = |[Yix Yox = Nx - Yx|T mou mpoxUmtouv amd tnv oxéon y= Q7 -
x 6a eivat y.=IxL-q;, xL-q, .. xL-q, .. xL-qy|". Ta povadiala 1diovicuota q
Tou Cyx eglval x&Beta petolél TOUC KOl omoteAoUv  éva  opboydvio oUoTnua

ouvieTaypévoy ol &fovec tou omolou ovou&lovial Kipieg Juviotwoeg (Principal
Components) . K&be povadialo (dtodidvuopa qu meplypdeel €évoav &fova emni Tou
omolou mpoBdAAretal K&Oe SLAVUOPX XK., 1] TIPORBOAR TOU elval Y =xL-q,. OL TLuéC
TOV TPOoBoAGV enl TV KUPpLwV afdvev elval oavoddrolwtec (aueTtdBANTEg) ©C IPOC TNV

TEPLOTPONN TV 0edouévey amd KATOLO PeTAOXNUAT LOPd OTIPOPAC.

H tiun AV=OJ§ elval n dlaomopd TV TLHOV Yvx KAT& Tov v &fova. To 1OL0dL&AVUOU
qy eilval éva “amoTteAeopot kO’  XOPAKINPELOTLKSO evd 11 TLun Ay oflodoyel 1n
onoudatdtnTd ToUu. EXTOC TOU OTL TA dLoVUOHATA Yx HEQLYPAPOUV Tor IPOTUIN UE T LUEC
QOUCXETLOTEQ, M€ TOV PeTOOXNUATLOpd umopoUle Vo UELOOOUPE KOl TO TANOOC TV
TLu@v mou Ta meplypdeouv amodexduevol PLKEN andArela nAnpoeopliag (ouupnieon).
[Ipog TOUTO XENOLPOMOLOUUE TLC HPOPROAEC Yy IIOU AVILOTOLXOUV O LOL0dLavUoudTd UE

TLG peyoaAUtepeg aviloTolxeg 1dLoTLpécg, aunodexdbuevol €va PECO TETPAYWV LKO COAAUN

EEUW)==ZﬁﬂH42V, 6émou M o dsixing Tou LdLodilaviopatoc upetd& amd 1O omolo
dlaypdeounue TLC mPoPoAéc. Tila mapddelypo oV A1> A>A3>A>As oL LdLoTLuécg
di,92,93,94,95 To aviiotoixa (dLodtaviouata Kol yY=[Vi,V2,Y3, V4, yslT dL&vuopa 1oV

IPOBOAGY moU mpoékufav amd Tov petacxnuationd y = QT -x, meplypdpoupe ta Sedouéva
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ne droaviopatoa y'=[vyi,y2,y3]T amodexduevol évoa PECO TETPAYOVLKO OCEAAN 8_2(3)=
Yozridy = A4 + 45

O KLT upoC mpoopépel OOUCXETLOTH XOPOAKTINPELOTLKE Kol duvatdinta uelwong Tou
nAfBboug Toug. Mac mpoocepépel enmlupdobeTa avelapInola g TPOC TNV HEQLOTPOEN KL
Tnv petatédmion SL6TL oL TLPEC Twv TpoPfoidv enl Ty KUpLewv afdvev elval
availoilwteq (opetdPAnTEeCQ) Wwg TOPOC TNV IEPLOTPOON Twv  dgdopévev  amd
petooxnNuot Lopd otpoeng kol omd petatémion. H 1didétnTta outh elval eéalpetikd
XPAoLun via dedopéva popedv oe dUuadLlkéc Unolakég eL1kdOveg (I.X. XAPARTINPECQ,

yedppata) .

[NIAPAAEITMA

o= s = = B xe= (4= )

13
_F1+1+2+4+5N5_ E’_Fb]
F=lo+1+0+3+2)5 " 6] l12

5
(1-2.6)%* + (1-2.6)% + (2-2.6)% + (4-2.6)% + (5-2.6)*
of = = =2.64
,  (0-1.2)% + (1-1.2)% + (0-1.2)* + (3-1.2)* + (2-1.2)* _
0f = = =1.36
(0-1.2)(1-2.6) + (1-1.2)(1-2.6) + (0-1.2)(2-2.6) + (3-1.2)(4-2.6) + (2-1.2)(5-2.6)
0y = 5 = 1.48
O1p = 031 = 1.48
c |t ol 264 148
* oy o%| 1148 136

det(Cx—A-I)=det[2'1644g/1 . 13'643/1]=(2.64—A)-(1.36—A)—1.482=

1.36:2.64—1.36-1—2.64-2+A%2—1.48%=
A2—4-2—1.4 mou £{val TO XUPAKINELOT LKO TOAUGVUNO.
Tt A2—4-2+14=0 mpoxUntouv oL pilec A1 = 3.61, Az= 0.39 mou eival oL LSLOTLUEC

Tou Cyx. Ta aviliotolyxo LOLOdUOVUICUNTO Wi, W2 LKOVOIOLOUV TLG oXéoelg (Cx—A1-I)-qi=0
Kol (Cx=A2T) -q2=0
Tla 10 qi Ba éxoupe OVOAUT LKA

2.64 — 3.61 1.48 911
1.48 1.36 — 3.611 1921

—-0.97 - q11 +1.48 - qr1 = 0

|=0=> 148-q—225 gy =0

and 1o mopandve adploto oUoTnua AUon via qui=a €{voal qi=[cx, o-0.65]T. Axdun vyLo

va toxUel |lgll=1 © Ja?+(a-165)2 =1 a=+1/V1+1652~.84 , &pa éva povadiaio
tdLodté&vuopa eivalt 1o qi=[0.84,0.55]T. Oupola yia Tnv LdLOoT LU Ay HTPOKUNTIEL
q:=[0.55,-0.84]1T. Ta Jdiroviopoata eivoal xk&BeTto petall toug OmMWC avapevoTov. ITO

5x.5.2.1 oalvovIial yeopetplkd TA omoTeAéopaTa TNg peddHdou.
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IIAPAAEITMA ANEEAPTHEZIAY AINIO XTPO®H

A1=0.42, A2=0.09

10 v, 10
5 5
0 % 0 e
5 ’ 5
-10 -10
-10 5 0 5 10 -10 5 0 10
10 A=0.42, A2=0.09 10
5
0 4
5
-10
10 -10 5 0 10
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AvaAvon KipLwv Zuvictwodv pe Neupwvikd Aixktvuo.

O KLT egival plo oavodutikh dloadilkoolia yio tTnv €kIiunon Tov LOLOTLUOV KAL TV
tdtodtavuoudteyv oamnd Tov mivoka ouvdlacnopdc Twv dedouévev Cx. ELdLkE, €&v 1O
TANBog¢ Twv dLacTACEWVY TOU XOPOU TWwV avUuoudtev clval pey&Ao o umoAloyLloudg Kol o
XelpLlopudg tou mivoara Cx elval avéQLKTIOC.

Tta Tov mopandve Adyo ovil{ Ttou KLT xpnolLuomoloUue OTO0 HOPOTO JEPOC TOU
Toé tvounty £évoa ypoauulkd veupwvikd dixktuo gvdg enimédou (single-layer linear
feed forward neural net), 10 omoio emiteAel Tnv AKS (3Xx. 5.2.1). To diktuo autd
exmoLoeUetal Xwplc emédmtn (unsupervised) amd 1oV yvevikeUupévo aiydpLbuo tou Hebb
nou Roaciletal otov KavoOva ekuddnong tou Hebb. Me 1oV aAydplOuo autd 10 VEUPWV LKO
dlxTuo ouykAlvel pe mibovdéTnTa éva ot LOLodLaviocuaTa €vdC mivaka ouvd Laomopdd
Cx. O unmoloyLoudg Tou Cx dev gival avaykaliog e€metd Ta LOL0dLavIOUATA TIPOKUITOUV
kaTevubelov and 1o dedopéva. H exmaideuon ToU VEUPWVLIKOU JLKTIUOU viveTal ¢
e€ng:

Eotw OTL

— t=1,2,3,.. pla petaPfAnty via In pérpnon tng emovdAnynce tng diradixkaocliag,

— Xx(t) 10 Jdlb&vuopa €106doU OTO VeEUPOVLIKS OIKTUO Tn XPEOVLIKA OoTLlyun t, ue

ouviotbhoec xv(t), v=0,1,..,N,

— K 10 mAnboc twv veupdvev (K < N) mou o¢ £k toUtou egilvol kol To NmANBOC TV

emLOUUNTOV KUPLWV OUVLOTOOOV,
— Kk évoac delxtng mou amnodideTtwl oTOUCG veuphbvee k=1,..,K,

— ww(t) n TLpH TOU PR&pouc 1ng oUvayng mou ouvdéel TOV K VEUPOVA HE TNV V

eloodo xatd& Tnv emovadAnin t,
— Wxxn(t) O mivakag TV wxv(t) KoL

— y(t) 1o &vuopa £&bdou TOU OLKTUOU Kath TNV emov&dAnyn t, pe ouviotdoec yx(t).

ExteAoUvial T okOAOUBN RBAPNATA UIOAOY LOUQV :

BAua l.Apualpsital mpdtoa 1O SLAVUCOUX Hx INg upéong tipng oamd xk&Be ortolxelo ToOU
ouvbrou exnaidevong. Me tov 1pdmo autd Ol TLUEC TOU MHPOKUMITOUV €XOUV
undevikd dLdvuopa péong TLUAC.

BAupa 2.Anmodidovial opxlk& (t=0) ota Rdpn wx (0) TV ouvalewv PLKpEC Tuxalec
TLPéEC KL OTnv NOoPdUETPO Yy TOU pubupolU exnoideuong uLkpn OeT LKA T LU
(m.x. y=0.007) .

BApa 3.YmoAdoyileTtol 1o dl&vuoua €&6dou y(t) ue ouviotwoeg yx(t) yio v=1,...,N,

k=1,...,K and 1n oxéon

V() = EV=a Wi () -2, (8), 1 y(t)=W(t) x(t) (63)
Kol n moodinta Awxv (t) omd Tnv oxEon

Aw,, (t) =y (yx(t) Xy (8) = Wi () - Y= way () 'YA(t)> (64)

(@) )]

0 dpoc (a) exepdlel tov anAd xravoéva tou Hebb, mou Aéel o1l g&v U0
VEUPOVEC Iou BploxkovTal oTo axrpa nLac oUvalng (ogvdeonq),
evepyornoLoUvIal ouyXpdévwg, 1dTte 1n LoXUc tng ovvayng oufdvetal. AAANLOC
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efacBbevel 1N exeuAileTtal. O 6poc (B) emiPdArel éva 6pLo otnv avinon Incg

otvoyng. H tipn 10U wky (t+1) mpooopudletol oOUUOOVO We TN OXE0N

WKv(t+l)= va(t)+AWKv (5.2.7)

BAua 4.AUEnon tnc uetoPAnTNC t kKatd éva kol enmoavdAnyn omd 1o BAua 3 fwg OTOoU

Ta Rdpn tTwv ouvalewnv wxw @O&COUV OTn otoBepn KATAOTOOTN .

Met& 1t od&on 1nc exknoidesuonc Ta RPN wxkw TOU K VEUPOVA OUyKA{vouv otnv v
ouvioTHoa Tou LOLOdLaVUCUNTOC TOoU aviloTolXel otnv K 1dLOTLUR TOU Tmmivaka
ouvdlaomiopdg Cx. Me &GAANao AdyLla ol ypoupéc tou mivara W éxouv mpooeyyloel 1O

npdta K 1dLodlaviouata 10U Cx, Taflvounuéveg oe oblvouoo oglpd.
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ME®OAOI TAEINOMHIHYE IIEPAN TON NEYPONIKON AIKTYON
3.6 Aévdpa amdpacng

Ta dévdpa amdbeoaonc (decision trees) amoTedoUVv pla gupela katnyopla TexXVLIKOV
HN YPOUPLKOY T Llvountdv oInv omoia o XOPOC TV XOUPAKINPELOTLKOV dlualpeltal o
TEPLOXEC TIOU OVTILOTOLXOUV OTLlg emibuuntég xrA&oelc. H ambooocn tng tofvéunong
evOC mpoTUnou MPOoKUNTE L and T LC ANAVINCE LC O €POINUATY TTOU UTOR&AAOVTINL CUUOOVA
pe ploa devdplxh doun. 6o ToEOoUCcLACOURE AKOAOUOWC PLX AVTILIIPOCWIEUT LK KXL
ONUOQLAN TeXVLIKA TV dévipwv amdboaong Katd 1tnv omoioa o xdpog Xxwpiletal og uvmep-
noapaAAnAdypoppa. Tita éva uvnd tafilvounon npdétuno KEOe  epdTnua aeopd  EVva
XOUPAKTINELOTLKSO X, Kol e€{val Tng popehg «LoxUel X, < t» o6mou t KaT&AANAN Tl
KatTweAlou. Ta dévdpa amdpuonc aUTAC TNC Hop®ng ovoudlovial cuvhOn duad Lk& dévdpa
Toé Lvoéunong - SAAT (ordinary binary classification trees - OBCT). H Agitoupyla
evoég IAAT yivetal €UKoOAO VT LANITH pe éva nopddelyua dU0 XUPAKTINPELOTLKOV KoL
kKAQdoe L kotaveunuéveg oO6mwg oto IX.[ 3.6.1]. Me QmAf YEQUETIPLKA IOPpATHENON

pmopoUue va odnynbolue oto dévdpo amdeaong Tou mou oalvertol oto (dLo oxhuo.

@ Ca
RS
TS

SxAuo 3.6.1

O ontlkdg dlLaxwplopdg PRéPala dev eival duvatdg oe xdpoug ulnadtepng TOU
tpla diLdotaong kol oe k&Oe meplnmtwon n exkTéAeon oamd YHoAoyLloTég oamaltel TNV
QAYOPLOP LKA KL PoUONPOT LKOAOY LKL OlLaTUnwon. Iapatnpedviog Tov YO0 TV IPOoTUIOV
ToU nopade(ypoatog Kol TLG opboyhvieg meploxég mou meplrAsiouv TLC KA&OELQ, OF
oxéon pe 1o aviiotolxo dévdpo ambdbpaong dLamLoTdvouus 61l o k&Be xé6uPo t TiBeTOL
WG €POTNUX Pl CUVOAKN n LoxUc tng omolag xwplilel éva umooUvolo Xt TOU XOPOU
Tov mpotUnwvy og OUo uépn. O plLlixkdg xb6uPogc apopd O6Ao0 oUvoAro exknoidsuong. H
an&dvinon Tou gpwithpatog umopel va sgival Betikhy (Nal) {1 apvntiky (OxL) xol omd

auty xabopllovial ta dUo vnmooUvova Xen, Xto HOU LKAVOIOLOUV TLG OXECELQ

XtN UXtO :Xt KX L XthXtozw
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Mpéme L ardun va roabBoplLoBoUVv KPpLTIAPLA QOOTE:
e o SLaxwplopdg va gival RBéATLOTOC
o vao TeppatileTatl o dlaxwploudc evodc xéHuPou

e Vo avIiloTolyxiletal og éva rOuBo-eUANO pla KA&ON

Mia gp®dtnon k6uPou €lival Tng popeNc xv>a, OTOU Xy Il TLUN TOU V XUPAKINELOT LKOU
evOC mPOTUMOU Kol o Pla TLun xKatweAlou. To o umopel voa ndpel oameploOPLOTEQ TLUECQ
oto medlo petafoAng Tou, €V TOUTOLG av Ar gival 1o mANBoC¢ TV npotlnwvy IIouU
avhkouv otov X, oapkel éva memepaocuévo mAnOOC TLUOV ava, A=1,2,.., At , VLA VX
dlaxwptlotel o xdpog. H T1ph owva 6 emideyel @ote va LkovomolelTol TO KPLIHPLO

ToU RBEéATLOTOU dlLaxwplouoyU.

Koaboploudg TOoU KpLInplou O LaxwpLlouou

O diLaxwplopdc ToUu Xe mpémel vo €lvoal Té€tolog ©oTe O éva Touddyxlotov amd ta dUo
Bépn TOU VA KUPLXPXOUV MANBUOULOKY To mpdtunma ploag udévo rKAAoNg, va £ivoal dndodn
«KaBapd» oUuenva e Tnv opoAloyia Twv dUuadlkdv d&évdpwv amdpoonc. QC PETPO INC
xkoBbopdintoag e€vog kOuPou umopel va xpnoipomolndel n eviponio (péon minpogopia)
yvwoth and tnv Begwploa tng mAnpoeopliag. T'ia évav kdé6uBo t n sviponia I(t) divetal

and Tnv oxéon

M
16 = = ) P(Gilt) - log, P (Gl
i=1

Onou P(Cilt) n mibavoétnta éva npdtumo Tou xhpou X (t) va avihkel otnv kA&on Ci.
Yunevoupiletal o611 0-10920=0 koL o661l I(t) ueyLoTtomolelTot oav oL TLluéc
P(Cilt)elvalL (oceg petafyd toucg. OL mibavdétnieg P(Cilt) extipdvial upe R&on 1o
nmocootd At /Ar dou Ne 1o MAABOC TV HPOTUN®WY Tou KOuPou kol A:l 1o mAnboc 6owv
€& autdv oavhkouv otnv kA&on Ci. Me 1oV dlaxwplopd Tou kOHUPBoU n rabapdbinitd TOU

petafdAreTal koatd  AI(t) oGuponva pe In oOxE€on

Ay Ao
AI(t) = I(t) —A—t'l(tzv) —A—t'l(to)

H moocdtnta AI(t) vmodoyiletal yvia OAX TA YXUPUKTINELOTLKA KOl TLG KATAAANAECQ
TLRéC XATWOAlOU Twv mpotUmnwv IIOoU oVAKOUV OTIOoUC XOpoug Xt, Xtn, Xeto. AKOAOUO®C
EMLAEYETOL TO XOUPAKINELOTLKSO KOL TO KATOEAL IIOU peylotomoloUv Tnv AI(t) kol

npokUnTtel 1O €pOdTnua tou ké6uPou t.

Kaboploubdg ToUu KplInplou TepuatlopoU 1tou dlaxwplopou

O dltaxwplopdg 1ToU XHpou X, elvol duvatdv va Tepuatiocel 6Tav n PpéyLotn TLUn
AI(t) elval nuitkpdtepn and éva npokaboplopévo obplo. Evoardoaxktikd umopel va
Teppatiotel av o mAnduoudc Nt gival aprketd pLkrkpdc N étav 1o mpdTUdd AVAKOUV OF
plo xAdon (AI(t)=0).

Kaboploubdbg xplInplou aviiotolxiong pragc rA&dong otov xkO6UPo-oUAAO

TUpeeva pe Ta mopandve petd& Tov Teppatlopd oto kO6uPo t amodidetal wg Svoua 1O
6voua Tng KAXONG TV OPOTUNWV MIOU UNEPTIEPOUV NMANOBUCULOKE OTOV XOpo Xt.
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3.7 Ta§ivountég pe Paon tov Kavéva nmibavotAtwv TOoUu Bayes

STLC¢ mpooeyyloglgc mou mnapoucsLdooape OTa mponyoupeva keeddolo dev A&Boape undyn
TNV mLlovoTNTAa €uEAVLoONG TV TIPOTUNWV TOU OUVOAOU eKOa(deuong. JTo KEQEAAXLO
autd Ba aoxoAnboUue e T lvountéc mou PRoacilovial o auth TNV mLOAVOTNTA KAl

oInV gAaxlotomoinon 1Tou oeAAPATOC TafLvoéunong mou mpokUmtel omd oUTHv.

Qa fexlvAoouue Tnv noapoucioon pe 1o mPdRANuAa Twv dUo rKAdoewv Ci, Cr. Z1dX0C HOC
apX Llk& gival o uvmoAoylopdg tng mLOavdINIHG 1o mPdOTUIO va avAkel otn KA&Gon Ci1 (f
Cz) dedouévou O6TL éxel TNV TLun X, dnAwdn va BpolUue tiLg¢ und oUvOAKn mLbovdInTEeEC
P(Ci|x) xoaL P(Czlx). Av P(Ci|x) > P(C2lx) 710 mpdtunmo avhkel otn xri&on Ci,
dlapopeT k& otn Cp. AKOAOUOwC oavalntoUue exelveg Tng meploxég TOU XOPOU TwV
IPOoTUNOV YVIa TLg omoleg gdhayxltotomolei{tal TOo OO&Aua TofLvounong ue B&on 1nv
nopandve Bedpnon. And 1o kovdva ToU Bayes LoxUel OTL

_ p(x|C1)-P(Cq) — p(x|C2)P(C2)
P(Cilx) = BEEZED o p(Gyl) = EHIED (39,1

Omou P (C1) xal P(Cz) ol mibavétnieg 1o mpdIumno X va oaviAkel oTLg kKA&oelg Ci, Co
aviiotolxa kot p(x|Ci), p(x|Cz) ocuvapthoelg TUkvOTINTIAC ILBoavoéTNTAC (0.mM.T.) YLlX
TNV veVvLikY meplntoon mou 10 X €{val dLovVUOUAT LK ouvex)g Tuxolo petafAnth. T'ia

TLC o.m.m. Ba XxpnoiLpomoloUue 1o PLKPO P KUL YIX TLG mibovdinteg repaiaio P.
Apa TO X OVOKE L

otn Ci oav p(x|Cyi) P (C1) > p(x]|C2)P(Cz), otn Cz av p(x|Cy) -P(Ci) < p(x]|Cz) P (Cy)
[3.7.2]

fta mponyoUpeva onuetdveTtol 6tL ol mibavdétnteg P(Ci) kol P(Cz) unodoy(lovtal
nPooeyyLoT LKA oamd TL¢ oxéoelg P(Ciy) =Ni/N , P(Cz)=N2/N pe Ni, N, 10 mANBoCg TV
npotUnnyv, ol moodintec p(x|Ci), p(x|C) Bewpolvial YVOOTECQ 1 eXTLPOVIAL and 1O
oUvolo exkmaidevong. And tnv oxéon [3.7.2] PRploxoupe axkoAoUbwg TLC meploxég R
Kol Rz mou dilaxwplilouv 1tov XOpo TV HmpotUnwv. I'ta napddelypo yia O0Uo KA&CE LG €
P(C1) = 0.25 xoat P(C2)=0.75, p(x|C1), p(x|Cy) xovOVIKEC KATAVOREQ pe péooug Opoug

mi=-1, =3 xalL dLaomopéc o1=1, 0=2 ol meploxéc Ri kol Rz 6a elval 6mwc oto IX.

0.2 T T T T T T T T T T T T T T

015

01rF

10
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HMopaxdtw Oa delfoupe o1l pe Pdon 1o nopondve 1o AdBoc Taflvédunong
eAaxloTtomolelTal. Av Ri n meplox)) mou meplAoufdvel TLg¢ TLUEQ TOU X TIOU
Taé LvopoUvial otn kKA&on Ci kol Ry n meploxh mou meplAoufdvel TLC TLUéEC TOU X
mou Tof LvoupoUvial otn KA&on C, 1o opdAua 6o ocupfaivel av To X avAkel oOotn Ri Kol
1o mpdétuno otn kKA&on C, ) av To X ovAkKel oOtn Ry kol 1o mpdtumo otn kA&on Ci KoL

n ontbovdtnta Pe va oupfel 6o sival
Pe =P(xER2,C1)+P(xER1,C2)=

P(C,) - P(x € R,|Cy) + P(Cy) - P(x € Ry|C3) =
P(C) - f, p(ICdx + P(C) - f, pxlC,)dx=

Jr,P(C1lx) - p()dx + [, p(Calx) - p(x)dx (3.7.3)

ToxUel axdéun Ot

+00
f px|Cdx=1= p(x|C))dx + p(x|CHdx =1=>

Ry Ry

1
p(Ci|x) p(x)dx + —— | p(Ci]x)-p(x)dx =1>

P(Cy) Jg, P(Cy) Jg,

f p(Ci10)  p(O)dx + f p(Ci1x) - p(¥)dx = P(C) =
R

1 Ry

[y, (G110 - p)dx = P(C) — [, p(C11x) - px)dx (3.7.4)

And tLC oOxéoelg (3.7.1) xalL (3.7.2) mpokUmTel
P, = P(C)) — le(P(Cllx) — P(Czlx))p(x)dx fAeyfe 1O mpdonuo

Mou onuaivel 61l 10 OPAAuA gdhaxlotomolel{tal 6tav n meploxn Ri elval tétola GOote
1O OAOKARpwua va givol BgT1kd dniadhy P(Ci|x) > P(Cy]x). To autd aviioToixa LoxUel

Kol yia tnv Ro.

TTNV mePinTwon TV MOAAOV KA&KCE®V TO mEOTUMO avAKel otnv kKA&on Ci yloa Tnv omolo

LoxGeL P(Cilx) > P(Cj|x) pnei #j

JUVOPTACE LS dLAKPLONG KOl OLUAXWPLOTLKEG €TMLOAVELEC

Stnv neplintwon mou oamdeoacn Aouldvetal PEe KPLIHPLO TNV gloxlotomoinon Ttou
OOAANNTOC TafLvounong yio 8o kA&Oe LG 1 Ooxéon umnopoUpue OoUPQEOVA UE TA IPONYOUUEVH
vao LoxupLotoUue 6tL 1o mpdtumo ovAkel oOtnv KAAon Ki av P(Ci|x) - P(Czlx)>0

dlagopeT k& ovAkel oTnv KA&on K;. Oa mnopouci&ooupe oKOAOUBWC TNV duvatdIinIta
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Taé Lvounong Tou mpoIUNnou PECK TOU MHPOCdLOPLOUOU PLAC dLAXWELOT LKAG €ILEAVE LAC
TOU XOpou mou Ba glaxlotonolel 1o oodApa Toflvéunong otnv meplmitwon mTou 1
ouvdpinon nukvoétntoag miLbavdéiniag (o.m.m., probability density function, pdf)

elval n xavovikh xotavouln (Gaussian).

Tia povodidotatn Tuxolo petofAnth n 0.T.I. ING KOXVOV LKA petafAnItig divetoal oamd

TOoV TUIO

1 _(x=p)?
e 20?2

() = oV2r

Ormou u kKol o n péon tTLun ol n dlLacmopd ING KATAVOUNC.

TINV VveVLIRA meplmtwon mou n tuyxalo petoBAnth eilvat di&vuopa x evoég N

dL&otTatoU XOpou aviioctolxn o.m.m. Oidetal amd 1n oOXéon

1 _a-mTc -
p(x) = (N2 |C[1/2 e

Onou p péon tipn kot € 6 mivaxkog ouvdioonopdc Tng o.m.u. kot |C| 1 opllouck
Tou. Ipocoxy n xpnon tou oupfdrou € dev ovopépetal mAéov otnv KA&on K aAA& oto
nivaxka ouvdLlaonopdq.

Tia Adyoucg vewupetplkhg amelxkdviong Ooa Beswphooupe Tnv mnepintwon mou n tuxala
peTaBANTH avAKeLl OTov dLodLAoTaTO Xhpo. O mivakag ouvdiaonopdg amoteAeital amd
TLC DLOCTOPEC KAL TLG €TEPOCUCYXETLOELC TOV YPOUUUAOVY TNG dLAVUOPAT LKAC HETAPRANTAC

x=[x1,%x2]T kot glval Tngc popeAHc

2
of Gu]

c=[ 2
021 0

ST akbdAoUba oxAuaTa PBAEMOUME TLC O.I.IT KAVOVLKOV KATOAVOUOV VLIX dLaQopeT LKOUQ

nivaxeg ouvdlaonopdc kol péocoug OpouUC.

0.2~

o
o

x2
o

1
1
)
1
|
?
1

(AN
//’/i/"' ‘\\{\
A0
AN

; =7 SN
0 g@@&g@%&&@““

Probability Density
o

o
=)
&

§
“ (LN

H 0.I.I. XKOAVOVLKAC KATOVOUNG YLld C==[é g]
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ool 1 I
NARRERESY /1,
/ \ .

. . _[025 0
H o.m.m. xovovLKAC kKatavouhg via €= 0 1]

I
= 1 I !
2 T
a M ﬁ
2 B -
2 %
& 4 T 0
2
3
3 2 -1 0 1 2 3
x1
. . 1 04
H o.m.m. KXVOVLIKNG KATAVOUNG YLlIX C= 04 05

NOYw TNG €kOeTLKAC WOPEAC TNG O.I.I. ITNG €KOETLKAC KATAVOUNC umopoUue va
XPNO LPOMIO LACOUPE  YLla omAOUCTEUCH TWV UNOAOYLOUOV pla povdtovn AoyoplBOuLKy

ouvapInon, dnAadn n npdIUNOoN

To x avhxkel otn Ci1 oav p(x]|K;i) -P(Ki) > p(x|Kz)-P(Kz), otn K, av p(x|Ki) P (K1) <

P (x|K2) *P(Kz) dLUTUNOVETNL TO X OVAKEL

otn Ki av gi(x)> g2(x), otn Ko av gi(x)<gz(x)
ue

gi(x) = In(p(x|K;) - P(K})) = In(p(x|K)) + In(P(Ky)) =>

—uNTc Y (x—u:
gi(x) = — EHLEL 0D 4 1n(P(K)) + ¢ =>
| PR S N L
&&)=—5xcix+5uda +(Q))x—§m0im+hﬂﬂﬂﬂ+q

Kot ci=-—§h(2n)—§lnﬂCA) oTafepd mocdHINTA

Tevikd outh elvol plo un yYPOUURLKN TeIpoywVv Lk popen. Toa onuela 1ToU XOPOU VyLIa

T omolo
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gi(x) = min{g,,(x)},vm # i xabopilouv 1tnv meptoxf Tnc xAdong Ki. T1nv mepimtwon Twov

dUo KA&CEWV 1N JdLAXWPELOT LK TOUCQ KOUMUAN Lkovomolel Tnv oxéon

d(x) =g:(x) —g2(x) =0

Tia gi1(x) kat g,(x) ouvaptioesic andpacng 300 kKA&OewV AKOAOUOOUV mopade [yuaTo vyl

dLUQOPETLKEC O.II.T.

o
S

o
w

Probability Density
o
N

o
o

oL c.m.m. yio wm=[0, 01T, C1=|3 Ogs] H JLaxwploTLKh emLtedve Lo TOV
2 00 ’ kA&oegwv ylia LoomiBaveg KA&OELC

0 01

Kol mo=[4,017, C,= [(1)
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[IAPAPTHMA A: BAXIKEX I[IPAEEIX TI'PAMMIKHX ANT'EBPAX

O av&otpopoc mivakoa AT evéc mivoka A elval  évag nivakag mou €XE€Ll WG YVPUUUEQ

TLG otAAeg ToUu A pe (dto delxrin. AV 0 Auw €Xel M ypouuég xal N othieg, 1d1€ O
ATy, Ba éxel N ypouupéc xoal M otnrec. H v ypouun tou AT ei{val n v OIHAn tou A
KOl N U ypoupn Tou n u OtHAn tou A. Tio noapddelypo av

1 05
-1 3
2 -2

1 -1 2

T —
4= o5 3 ol

Azyr =

OAAQTIACC LaopdC TLIVEAKOV. BOTw ol mivaxreg Awxx KAl Bgxv, TO yLVOuevd ToUg €lval

évac nmivaxkoac I'wew vYia tov onolo ypoagoups I'=AB kol éxel otolxela Iy mou divovial

and Tnv oxéon

Tia nop&dde lypo ov

1 2
3 -1 1
Az =05 4w Boa =1 g5 g5
3 1
1-3+2-1  1-(-1)+2:05 1-1+2-(—05) 5 0 0
AB=Iys=[05-3+4-1 05-(-1)+4-05 05-1+4-(-05)|=[75 15 -15
3.3+41-1 3-(-1)+1-05 3-1+1-(-05)=| l10 -25 25

[IAPAPTHMA T': XTATIXZTIKA XAPAKTHPIXTIKA TOY XQPOY TQN
[TIPOTYIION .

Tia éva nAnboc K mpotinwv mou neplypdeovial oe éva xOpo pe N diaoctdoelg n

péon TLuR B elval évag mivarac-otHAng nou opiletal and Tn oxéon

1 , 1
.u:;zgﬂxk:[#1'H2'---’#v---#N]T OHou pv=EZI,§=1xv,€ (2.3.1)

H péon Tiun g ovoeépeTal KL ©C n podnuat Lk npoodokia E(x) o6mou x petafAntn
Vi toUC mivaxkec-oIAANG TV Opotlnwov. Av und&pyxouv A medIUumd MIoU Ol TLPEC TV
TLVAKOV-OCTAANG Ttoug eival (oeg, Aaupdvovial undyn A eopég oto &Bpolopa tng (9)
KOl ®C €K ToUToUu Jd&gv XpnoiLpomolieital otov tUmo (9) n ouvdpinon ouxvointog
eupdviong f(x) &&Oe TLUAC TNC peToRAnTHC x. OL TLRéQ v 6mou v=1.N opilouv
1o upéco didvuopa [ Twv K mpotUnwv oto N-SL&oTato YOpo Toug. O Imivaxag

ouppetoRAntdétnrtac N mivaxrag ouvdLlaonopdg Cov oplletal amd 1n oOxXéon
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X1x —Hq

Xox — M2
1 1 :
CO\) = ;Zléﬂ(xk _I'l) : (xk - M)T = X ﬁ:l Xy — My : [xlx_u1l KoxTHor oo e r XyxTHyr - - 'XNK_UN] =
Xyn — UN
(1 — #1)2 (e — M) - (oo —H2) o (o —H1) - (o — ) 0 (e — ) - Ot — M)
(oow = t2) - (X1 — M) (sz_Ug)z o (o — ) (Ko — ) (o — M) - (o — i)
1 : : : : :
K=l Cow —H) - (e =) o — M) - (ow —H2) o (o =) - (o — ) (e — M)+ (o — )
(‘xNK - #N) ' (le - .ul) (xNK - :uN) ' (x21< - #2) (xNK - :uN) : (x\)K - .u-v) (xNK - :uN)z
2
0y 01 =+ 01, '+ Oy
021 0% Oyttt Opy
= = E( (x-p) (x-1)7 ) (2.3.2)
Ox1 Ox2 *° Oypy ' Oz
Oy1 Oyn2 " Ony 7" 0-16

K

, 1

OTLOV G, :EZ(XKK _uk)'(XVK _Mv)
k=1

H moodétnta ov2 eival n petafAntdinta ) diocmopd (variance) Ttwv PeTIPACEW®VY TOU
vV-00TOU XXAPAKTINELOT LKOU TV IPOoTUNIOV . H nocdININ Oav=0wa AéyeTalL
ouppetoRAntéInTa B ouvdilaomopd TwV TLEAOV TV A KAL V YXOUPOKINPELOT LKAV TV
IPOTUNOV KoL Ypnolpomolel{Tal yLla TOV UNOAOYLOud TOU OUVIEAEOTH OUOXETLONG PAv

dU0 XOAPOKINPELOTLKOV 1,V oUUeOVX PE In OXEon

_ O)\v
PAV——JA_JV (2.3.3)
H mnocdinIo 0, =+0,%2 Aéyetal TUMLKA omdékALon. Ol nopandve MToodTINTIEQ
XPNO LPOTO LOUVTA L yLia v af LoAdynon KoL av&Auon TOV HeTpoUueEvVOV

XUQAKTINOLOT LKAV .

[IAPAPTHMA T':TA IATOAIANYXMATA TOY I[IINAKA XYNATIAXIIOPAZ

e éva oUupeTpLlkd mivaxa Cyxy, CT =C, pe 13L0TLPEC Ap Ay, Ay # A4y xaL avticToL X
povadiaio LdLodLaviopata W, #Ww, Loxuel OtlL Mﬁ~|vv==0. ANAodh T LdLodlaviouata

e{val x&Beta petaéU 1TOUC.

AnbddeLén: Eme1dn Lulv LOLOTLUEG KL Wy, W, L3L0dLlaviopata LOXUouv oL OXE0eLg
— T.C- =wl. . = .wT .
C-wu—/lu-w”} wy - C-w,=wy -4, -w, =4, -w, -w, (4)

C-w,=4-w) w,-Cw,=w,-1 -w,=21,-w, -w, (B)

T
wh-C-w,=(wh-C-w,) ()
Yunevouuiletal 611 (AB)T=BTAT.

Anbd tLg oxéoelg (A), (B), (I') ocuvenbvetal
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T — T T —
Ay -whow, =2, -wh-w, (4, —2,)wh-w, =0
. . . T . T .
emeld Ay # 4, émetal O6TL wy -w,=w,-w, =0.

And To mponyoUueva oUvendyeTol O6TL ylia tov mivaxka W = [Wyq,
Loxtet 6711

wl wl-w, 0 0
T T .
Wl .-w = WZ[MH, Wy, e, Wyl = 0 Wz_Wz 0 =
w§ 0 0 o Whowy

Apa avtl{otpopoc Tou Welvalr o W i=WwT.

Tia T tdLodtaviopata tou ClLoxUel €&’ opLopol OTL

C'Wl zﬂl ‘Wl Al 0

C‘WZ Z.AZ'WZ =>C‘[W1’ Y WN] = [Wl’ T WN] 0 A'Z

C'WN :lN .WN 0 0
emou A= A 0
0 0 /1N

W2,

[EY

An

ApoU C-W=W - A>W1.CW=W11W- A=1-A=AWT-C-W=A.

[IAPAPTHMA A: ENTOAEX MATLAB & TOOLBOX
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    𝒙  𝜅 =  |      x  1κ     x  2κ   ⋮     x  νκ   ⋮     x  Νκ | =    |      x  1κ    x  2κ  …    x  νκ  …    x  Νκ |  𝛵


    x  𝜈 𝜅  𝜏


    x →


    𝒙 1 =  [    185   85 ]


    𝒙 2 =  [    185   82 ]


    𝒙 3 =  [    182   115 ]


    𝒙 4 =  [    180   80 ]


    𝒙 5 =  [    178   78 ]


    𝒙 6 =  [    175   112 ]


    𝒙 7 =  [    171   114 ]


    𝒙 8 =  [    160   58 ]


    𝒙 9 =  [    160   55 ]


    𝒙 14 =  [    143   80 ]


    D 12 =  (   x 11 −   x 12  ) 2 + (   x 21 −   x 22  ) 2 =  ( 185 − 185  ) 2 + ( 85 − 82  ) 2 = 3


    D 15 =  (   x 11 −   x 15  ) 2 + (   x 21 −   x 25  ) 2 =  ( 185 − 178  ) 2 + ( 85 − 78  ) 2 = 9  2


    𝐱 T ∙ 𝐲   =   ∑  𝜈 = 1  𝛮    x  𝜈 ∙   y  𝜈 = x 1 ∙  y 1 +  x 2 ∙  y 2 + ⋯ +  x ν ∙  y ν + ⋯  x Ν ∙  y Ν


  θ =    cos  − 1 ⁡      𝐱 T ∙ 𝐲   | 𝐱 | ∙  | 𝐲 |


   | 𝐱 | =    𝐱 T ∙ 𝐱


    x →


    x → ⋅   y →


    y →


    x →


    x →


    x →


    y →


    x → ⋅   y →


    x →


    y →


    y → = 𝜆 ⋅   x → ,   𝐲 = 𝜆 ⋅ 𝒙  όπου λ  ∈  R και      y 1    x 1 =     y 2    x 2 = ⋯     y  v    x  𝜈 = ⋯     y  𝛮    x  𝛮 = 𝜆


     y → 3


  d (   x → ,  y → )


  d (   x → ,  y → ) = d (   y → ,  x → )


  


    d  𝜇 (   x → ,  y → ) =    [   ∑  𝜈 = 1  N     |   x  𝜈 −   y  𝜈 |  s ]  1/s


    d  c (   x → ,  y → ) =   ∑  𝜈 = 1  𝛮   |   x  𝜈 −   y  𝜈 |


    d  𝜀 (   x → ,  y → ) =    [     ∑  𝜈 = 1  N  (   x  𝜈 −   y  𝜈 ) 2 ]  1 / 2 = [ ( 𝒙 − 𝒚  )  T ⋅ ( 𝒙 − 𝒚 )  ]  1/2


    d  T (   x → ,  y → ) = max  (  |   x  𝜈 −   y  𝜈 | )


    d  R (   x → ,  y → ) =   d  R ( 𝒙 , 𝒚 ) = ( 𝒙 − 𝒚  )  T ⋅ Co  v  -1 ⋅ ( 𝒙 − 𝒚 )


                           d  NL (   x → ,  y → ) =  {     O αν  d ( x,y ) ≤ T    𝛨 αν d ( x,y ) > T


  όπου Η,Τ  ∈  R παράμετροι της απόστασης και d (   x → ,  y → )  μια άλλη απόσταση του χώρου.


    min  t ( d ( 𝒙 ,   𝝁  t ) )


    d  𝛦 ( 𝒙 ,   𝝁  i  ) 2 -  d  𝛦 ( 𝒙 ,   𝝁  j  ) 2 = 2   𝒙  𝛵 (   𝝁  j −   𝝁  i ) +   𝝁  i  𝛵   𝝁  i −   𝝁  j  𝛵   𝝁  j


  𝒙 ,   𝒘 ∈     𝓡  𝑵 ,     w 0   ∈   ℛ


  d  ( 𝒙 ) =   𝒘  T 𝒙 +   w  𝟎


   ℛ  𝛮


    𝒙 →


    w 1 ∙   x 1 +   w 2 ∙   x 2 +   w 0 = 0


  d ( 𝐱 ) = 0 όπου 


  


  με  𝐱   =    [   x 1 ,  x 2 ] T   και    𝐰   =    [   w 1 ,  w 2 ] T


    𝐰 T 𝐱 +  w 0 =   𝐰 T  ( 𝐱 −   𝐱 0 +   𝐱 0 ) +  w 0 =   𝐰 T  ( 𝐱 −   𝐱 0 ) +     𝐰 T 𝐱 0 +  w 0 =   𝐰 T  ( 𝐱 −   𝐱 0 ) ⇒


   | 𝐰 |  | 𝐱 −   𝐱 0 | cos ⁡ ( 𝜃 )


  𝐱 −   𝐱 0


  𝐱 −   𝐱 0


    d ( 𝐱 )   | 𝐰 |


  d  ( 𝐱 ) =   𝐰  𝐓 𝐱 +  w 0 =  [   𝐰  𝐓 ,    w 0 ] ∙  [    𝐱   1 ]


  d  ( 𝐱 ) =       𝐰 ~ T ⋅   𝐱 ~


  d  ( 𝐱 ) =       𝐰 ~ T ⋅   𝐱 ~


    𝐰 ~ =  [    𝐰    w 0 ]   ,       𝐱 ~ =  [    𝐱   1 ]


    𝐰 ~ =  [    𝐰    w 0 ]   ,       𝐱 ~ =  [    𝐱   1 ]


      𝐰 ~ T ⋅   𝐱 ~ = 0


    𝐰 ~  ( t + 1 ) =   𝐰 ~ ( t ) ± ρ ∙   𝐱 ~


   d  t + 1 ( 𝐱 ) =     𝐰 ~  ( t + 1 ) T ⋅   𝐱 ~ =    (   𝐰 ~  ( t ) ± ρ ∙   𝐱 ~ ) T ⋅   𝐱 ~ =  d t ( 𝐱 ) ± ρ ⋅     𝐱 ~ T 𝐱


      𝒘 ~ ( 0 )  =  [   w 1 ,   w 2 , … ,   w  N ,     w 0 ]


    𝒙 ~ = [ 𝒙 ,   1 ]   


   D t (   𝐱 ~ ) =   𝐰  T ( t ) ⋅   𝒙 ~


   D t (     𝒙 ~  A ) > 0


   D t  (     𝒙 ~  B ) < 0


    𝒙 ~


   D t (   𝐱 ~ )


    𝐰 ~  ( t + 1 ) =   𝐰 ~  ( t ) ± ρ ∙   𝐱 ~  


  𝐰  ( t + 1 ) = 𝐰  ( t ) ± ρ ∙ 𝐱       κ α ι         w 0  ( t + 1 ) =  w 0 ( t ) ± ρ


  K (   𝐰 ~ )


  Κ (   𝐰 ~ ) :  R  N + 1 →  R +  με   Κ (   𝐰 ~ ) =   ∑  x ∈ S  δ (   𝐱 ~ ) D  (   𝐱 ~ ) =   ∑  x ∈ S  δ (   𝐱 ~ )     𝐰 ~ T   𝐱 ~  


  Γ ι α    x ~   ∈ S   ,     δ (   𝐱 ~ ) = s i g n  ( D  (   𝐱 ~ ) ) =  {    − 1  α ν    𝐱 ~ ∈     𝛢 +   + 1  α ν    𝐱 ~ ∈     B −


  K (   𝐰 ~ )


    𝐰 ~


  K  (   𝐰 ~ ) = 0


    𝐰 ~ ( 0 )


    𝐰 ~


    𝒘 ~  ( t + 1 ) =   𝒘 ~  ( t ) − 𝜌      𝜕 K  𝜕   𝒘 ~ |    𝒘 ~  ( t )  T =   𝒘 ~ ( t ) − 𝜌   ∑  x ∈ S  𝛿 (   𝒙 ~ )   𝒙 ~


  f ( 𝜎 ) =  {    0  𝛼 𝜈  𝜎 < 0   1  𝛼 𝜈  𝜎 ≥ 0


  f ( 𝜎 ) =  {    − 1  𝛼 𝜈  𝜎 < 0   + 1  𝛼 𝜈  𝜎 ≥ 0


  f ( σ ) =  1  1 +  e  − a σ


    f ′  ( 𝜎 ) = a ⋅ f ( 𝜎 ) ⋅  ( 1 − f  ( 𝜎 ) )


   y ′  ( σ ) = a ⋅ y ⋅  ( 1 − y )


  f ( 𝜎 ) =   t a n h ⁡ ( 𝜎 ) =   1 −   e  − a 𝜎  1 +   e  − a 𝜎


  f ( 𝜎 ) =  {    0  𝛼 𝜈  𝜎 < 0   𝜎  𝛼 𝜈  𝜎 ≥ 0


  f  (  σ 1 2 )


   w 12 3


   w 23 1


   w 11 1


   w 21 2


    𝐲 3


  f  (  σ 1 1 )


    𝐰 1 1 ∙ 𝐱 =  σ 1 1


  𝐱 =  [      x 1     x 2     x 3 ]


    𝐲 2


    𝐲 1


    𝐰 3 2 ∙   𝐲 1 =  σ 3 2


    𝛔 3


    𝛔 1


    𝛔 2


    𝐖 3


    y 2 3


    y 1 3


    𝐖 2


    𝐖 1


    𝐰 1 3 ∙   𝐲 2 =  σ 1 3


  f  (  σ 3 2 )


  f  (  σ 2 2 )


    𝐰 2 2 ∙   𝐲 1 =  σ 2 2


    y 1 1


  f  (  σ 2 1 )


    𝐰 1 3 ∙   𝐲 2 =  σ 2 3


    𝐰 1 2 ∙   𝐲 1 =  σ 1 2


   y 3 2


   y 2 2


   y 1 2


    𝐰 2 1 ∙ 𝐱 =  σ 2 1


    y 2 1


    𝒘  𝜈  𝜁


    𝒘  𝜈  𝜁 = [   w  ν1  𝜁 , . . . ,   w  νμ  𝜁 , . . . ,   w    𝜈 , 𝛮  ζ-1  𝜁 ,   w  ν0  𝜁  ] 


    𝜎  𝜈  𝜁


    𝜎  𝜈  𝜁 =   𝒘  𝜈  𝜁 ⋅   𝒚  𝜁 − 𝟏  


    y  𝜈  𝜁


    y  𝜈  𝜁 = f  (   𝜎  𝜈  𝜁 )


    𝛔 ζ =  [        σ 1 ζ   ⋮    σ ν ζ   ⋮    σ   Ν ζ ζ ]


      𝐖  𝜁 =  [     w 11 ζ ⋯  w  1 ν ζ ⋯  w    1 Ν  𝜁 − 1 ζ   ⋮                   ⋮                             ⋮         w  μ 1 ζ ⋯  w  μ ν ζ ⋯  w    μ Ν  𝜁 − 1 ζ   ⋮                   ⋮                             ⋮      w   Ν  𝜁 1 ζ ⋯  w   Ν  𝜁 ν ζ ⋯  w     Ν  𝜁 Ν  𝜁 − 1 ζ ]


      𝐲 ζ =  [        y 1 ζ   ⋮    y ν ζ   ⋮    y   Ν ζ ζ ] =  [       f (  σ 1 ζ )   ⋮   f (  σ  𝜈 ζ )   ⋮   f (  σ   Ν ζ ζ ) ]


    𝐲 z (   𝐖 1 , ⋯ ,   𝐖  𝜁 , ⋯ ,   𝐖  Z , 𝐱 ) =   𝐲 z (   𝐖 z ∙   𝐲  z − 1 (   𝐖  z − 1 ∙   𝐲  z − 2 (   𝐖  z − 2 ∙   𝐲  z − 3 (   𝐖  𝐳 − 3 ⋯   𝐲  z − 3 (   𝐖 2   𝐲 1  (   𝐖 1 ∙ 𝐱 ) ) ⋯ )


    𝐖  𝜁


    𝐲 i z


    𝐲 i z ,   𝐲 i 


  Κ  (   𝐖 1 , ⋯ ,   𝐖  𝜁 , ⋯ ,   𝐖  Z , S ) =   ∑ i   Δ i


    𝐖  𝜁


    𝐖  𝜁  


   Δ  i  (   𝐖 1 , ⋯ ,   𝐖  𝜁 , ⋯ ,   𝐖  Z ,   𝐱  i )


  ( 𝐱 , 𝐲 )   ϵ   S


    ∂ Δ  ∂   𝐖 3 =       ∂ Δ  ∂   𝐲 3 ∙   ∂   𝐲 3  ∂   𝛔 3 ⏟    𝛅 3 ∙   ∂   𝛔 3  ∂   𝐖 3


    𝛅 3 =   ∂ Δ  ∂   𝐲 3 ∙   ∂   𝐲 3  ∂   𝛔 3


    ∂ Δ  ∂   𝐖 3 =   𝛅 3   ∂   𝛔 3  ∂   𝐖 3


    ∂ Δ  ∂   𝐖 2 =           ∂ Δ  ∂   𝐲 3 ∙   ∂   𝐲 3  ∂   𝛔 3 ⏟    𝛅 3 ∙   ∂   𝛔 3  ∂   𝛔 2 ⏟  𝛅 2 ∙   ∂   𝛔 2  ∂   𝐖 2 =       𝛅 3 ∙   ∂   𝛔 3  ∂   𝛔 2 ⏟    𝛅 2 ∙   ∂   𝛔 2  ∂   𝐖 2


      𝛅 2 = 𝛅 3 ∙   ∂   𝛔 3  ∂   𝛔 2 =   𝛅 3 ⋅   ∂   𝛔 3  ∂   𝐲 2 ∙   ∂   𝐲 2  ∂   𝛔 2


    ∂ Δ  ∂   𝐖 2 =   𝛅 2   ∂   𝛔 2  ∂   𝐖 2


    ∂ Δ  ∂   𝐖 1 =           ∂ Δ  ∂   𝐲 3 ∙   ∂   𝐲 3  ∂   𝛔 3 ⏟    𝛅 3 ∙   ∂   𝛔 3  ∂   𝛔 2 ⏟  𝛅 2 ∙   ∂   𝛔 2  ∂   𝛔 1 ∙   ∂   𝛔 1  ∂   𝐖 1 =       𝛅 2 ∙   ∂   𝛔 2  ∂   𝛔 1 ⏟  𝛅 𝟏 ∙   ∂   𝛔 1  ∂   𝐖 1


      𝛅 1 = 𝛅 2 ∙   ∂   𝛔 2  ∂   𝛔 1 =   𝛅 2 ⋅   ∂   𝛔 2  ∂   𝐲 1 ∙   ∂   𝐲 1  ∂   𝛔 1


    ∂ Δ  ∂   𝐖 1 =   𝛅 1   ∂   𝛔 1  ∂   𝐖 1


    ∂ Δ  ∂   𝐖 Ζ =   𝛅 Ζ ∙   ∂   𝛔 Ζ  ∂   𝐖 Ζ         μ ε     𝛅  𝛧 =   ∂ Δ  ∂   𝐲 Ζ ∙   ∂   𝐲 Ζ  ∂   𝛔  𝛧


    ∂ Δ  ∂   𝐖 ζ


  𝐲 ∈  ℛ  Ν × 1


  Δ ( 𝐲 ) ∈  ℛ 


    ∂  Δ   ∂   𝐲  =  [      ∂  Δ   ∂    y 1   ⋯       ∂  Δ   ∂    y ν   ⋯    ∂  Δ   ∂    y Ν  ]


    ∂  Δ   ∂   𝐲 


   ∇ y Δ


  𝒚 ∈  ℛ  N   x   1   κ α ι   𝛔 ∈  ℛ  𝛭   x   1


    ∂   𝒚   ∂   𝝈  =      [   ϑ   y  𝜈  ϑ  σ μ ] ⏟  N × M =  [      ϑ   y 1  ϑ  σ 1  ⋯    ϑ   y 1  ϑ  σ M   ⋮  ⋱  ⋮     ϑ   y  N  ϑ  σ 1  ⋯    ϑ   y  N  ϑ  σ M ]


    𝑱  𝒚  ( 𝝈 ) =   ∂   𝒚   ∂   𝝈 


  𝒚 ∈  ℛ  3   x   1 ,   𝛔 ∈  ℛ  3 x   1  


  𝒚 =    [ f (   𝜎  𝜈 ) ]  𝜈 = 1 3 =  [    f (   𝜎 1 )   f (   𝜎 2 )   f (   𝜎 3 ) ] ⇒   ∂   𝒚   ∂   𝝈  =  [      𝜕   y 1  𝜕   𝜎 1    𝜕   y 1  𝜕   𝜎 2    𝜕   y 1  𝜕   𝜎 3     𝜕   y 2  𝜕   𝜎 1    𝜕   y 2  𝜕   𝜎 2    𝜕   y 2  𝜕   𝜎 3     𝜕   y 3  𝜕   𝜎 1    𝜕   y 3  𝜕   𝜎 2    𝜕   y 32  𝜕   𝜎 3 ] =  [      f ′ (   𝜎 1 )  0  0   0    f ′ (   𝜎 2 )  0   0  0    f ′ (   𝜎 3 )   ]


  𝐃 =  [  d 1 ,    d 2 ,    d 3 ]    


   [  d 1 ,    d 2 ,    d 3 ] ⋅    [      f ′  (   𝜎 1 )  0  0   0    f ′  (   𝜎 2 )  0   0  0    f ′  (   𝜎 3 )   ] =  [  d 1 ∙   f ′  (   𝜎 1 ) ,       d 2 ∙   f ′  (   𝜎 2 ) ,       d 3 ∙   f ′  (   𝜎 3 ) ] =  [  d 1 ,    d 2 ,    d 3 ] ⨀  [   f ′  (   𝜎 1 ) ,     f ′  (   𝜎 2 ) ,     f ′  (   𝜎 3 ) ] = D   ⨀     diag r (   ∂   𝐲   ∂   𝛔  )  


  ⨀


      diag r ( . )


      𝛅  𝛧 =   ∂ Δ  ∂   𝐲 Ζ ∙   ∂   𝐲 Ζ  ∂   𝛔  𝛧 =  [      ∂  Δ   ∂    y 1  ⋅  f ′  (  σ 1 Ζ )  ⋯       ∂  Δ   ∂    y ν  ⋅  f ′  (  σ ν Ζ )  ⋯    ∂  Δ   ∂    y Ν  ⋅  f ′  (  σ ν Ζ ) ]   ⇒


    𝛅  𝛧 =  [      ∂ Δ  ∂   y 1 Ζ  ⋯    ∂   𝛥   ∂   y   Ν Ζ Ζ ] ⨀  [   f ′  (   𝜎 1  𝛧 ) ,   ⋯ ,     f ′  (   𝜎   Ν Ζ  𝛧 ) ] =   ∂ Δ  ∂   𝐲 Ζ   ⨀     diag r (   ∂   𝐲 Ζ  ∂   𝛔  𝛧 ) =   ∂ Δ  ∂   𝐲 Ζ   ⨀    [   f ′  (  σ ν Z ) ]  𝛎 = 𝟏    𝚴  𝚭


     [   f ′  (  σ ν Z ) ]  𝛎 = 𝟏    𝚴  𝚭


    𝛅  𝛧 =   ∂ Δ  ∂   𝐲 Ζ   ⨀    [   f ′  (  σ ν Z ) ]  𝛎 = 𝟏    𝚴  𝚭


     [   f ′  (  σ ν Z ) ]  𝛎 = 𝟏    𝚴  𝚭  


  𝛔 ∈  ℛ  2   x   1 ,     𝒚 ∈  ℛ  3   x   1 ,   𝑾 ∈  ℛ  2   x   3  


    ∂   𝝈   ∂   𝒚  =  [      ϑ  σ 1  ϑ   y 1    ϑ  σ 1  ϑ   y 2    ϑ  σ 1  ϑ   y 3     ϑ  σ 2  ϑ   y 1    ϑ  σ 2  ϑ   y 2    ϑ  σ 2  ϑ   y 3 ] =  [     w 11   w 12   w 12    w 21   w 22   w 23 ] = 𝐖


    ∂   𝛔  ζ + 1  ∂   𝐲  𝛇 =   𝐖  ζ + 1


    𝛅  ζ + 1 ∙   ∂   𝛔  ζ + 1  ∂   𝐲 ζ


    𝛅 ζ =   𝛅  ζ + 1 ∙   ∂   𝛔  ζ + 1  ∂   𝐲 ζ ∙   ∂   𝐲 ζ  ∂   𝛔 ζ =   𝛅  ζ + 1 ∙   𝐖  ζ + 1 ⨀    [   f ′  (  σ ν ζ ) ]  𝛎 = 𝟏    𝚴  𝚭


     [   f ′  (  σ ν Z ) ]  𝛎 = 𝟏    𝚴  𝚭  


  𝛔 ∈  ℛ    N  s × 1


  𝐖 ∈  ℛ    N  r ×   N  c


    ∂   𝛔   ∂   𝐖  =      [   ϑ  σ s  ϑ  w rc ] ⏟   N s ×  N r ×  N c =   𝐓 


    𝐓 


   N s ×  N r ×  N c


    𝛵 213 =   𝜕   𝜎 2  𝜕   w 13


  𝚨 ∙ 𝚩 = 𝐂   μ ε    c   i 1 …  i N ,  k 1 …  k M =   ∑  j   a   i 1 …  i N , j ∙  b    j , k 1 …  k M


      𝚻 ⏟      2 × 2 × 3


   [      𝜕   𝜎 2  𝜕   w 11    𝜕   𝜎 2  𝜕   w 12    𝜕   𝜎 2  𝜕   w 13     𝜕   𝜎 2  𝜕   w 21    𝜕   𝜎 2  𝜕   w 22    𝜕   𝜎 2  𝜕   w 23 ]      


                                                     [      𝜕   𝜎 1  𝜕   w 11    𝜕   𝜎 1  𝜕   w 12    𝜕   𝜎 1  𝜕   w 13     𝜕   𝜎 1  𝜕   w 21    𝜕   𝜎 1  𝜕   w 22    𝜕   𝜎 1  𝜕   w 23 ]


                                                     [      𝜕   𝜎 1  𝜕   w 11    𝜕   𝜎 1  𝜕   w 12    𝜕   𝜎 1  𝜕   w 13     𝜕   𝜎 1  𝜕   w 21    𝜕   𝜎 1  𝜕   w 22    𝜕   𝜎 1  𝜕   w 23 ]


  𝛅 =  [  δ 1 ,    δ 2 ]


  𝛅 ∙ 𝚻 =   ∑ j   δ j ∙  t jrc =   ∑  j = 1 2   δ j ∙  t jrc =  δ 1 ∙  t  1 rc +  δ 2 ∙  t  2 rc = =   𝛿 1 ∙  [      y 1    y 2    y 3   0  0  0 ] +   𝛿 2 ∙  [    0  0  0     y 1    y 2    y 3 ]


    =  [        𝛿 1 ∙ y 1    𝛿 1 ∙   y 2    𝛿 1 ∙   y 3       𝛿 2 ∙ y 1      𝛿 2 ∙ y 2      𝛿 2 ∙ y 3 ] =  [      𝛿 1     𝛿 1 ] ∙  [      y 1    y 2    y 3 ] =   𝛅  𝚻 ⋅   𝐲  𝐓


    =  [        𝛿 1 ∙ y 1    𝛿 1 ∙   y 2    𝛿 1 ∙   y 3       𝛿 2 ∙ y 1      𝛿 2 ∙ y 2      𝛿 2 ∙ y 3 ] =  [      𝛿 1     𝛿 1 ] ∙  [      y 1    y 2    y 3 ] =   𝛅  𝚻 ⋅   𝐲  𝐓


    ∂   𝚫   ∂   𝐖  𝛇 =    (   𝛅 ζ ) Τ ⋅    (   𝐲   ζ − 1 ) Τ


    𝐖  ζ  ( t + 1 )   = 𝐖  ζ  ( t ) − ρ   ∑  ∀  ( 𝐱 , 𝐲 )     (   𝛅 ζ ) Τ ⋅    (   𝐲   ζ − 1 ) Τ      


    𝛅 Ζ =    (   𝐲 z − 𝐲 ) Τ ⊙    [   f ′  (  σ ν Z ) ]  𝛎 = 𝟏    𝚴  𝚭


    𝛅 ζ =   𝛅  ζ + 1 ∙   𝐖  𝜁 + 1 ⊙    [   f ′  (  σ ν ζ ) ]  𝛎 = 𝟏    𝚴  𝚭


    𝐰 ν ζ ( t + 1 ) =   𝐰 ν ζ ( t ) − ρ   ∑  ∀  ( 𝐱 , 𝐲 ) ∈ V   δ ν ζ ⋅    (   𝐲  ζ-1 ) T


   δ ν Ζ = (  y ν Z −  y ν ) ∙     f ′  (  σ ν Ζ )


   δ ν ζ =   𝛅  ζ + 1 ∙   𝐖  : ν  ζ + 1 ∙  f ′  (  σ ν ζ ) =  (   ∑  μ = 1   Ν  ζ + 1   δ μ  ζ + 1 ⋅  w  μν  ζ + 1 ) ⋅  f ′  (  σ ν ζ )


   y ′  ( σ ) = a ⋅ y ⋅  ( 1 − y )


     y ^ i


  M S E =  (  1  N )   ∑  i = 1  N     (   y  i −     y ^  i )  T  (   y  i −     y ^  i )


     (   y  i −     y ^  i )  T  (   y  i −     y ^  i )


  Δ  (   𝐲 z , 𝐲 ) = =  1 2    (   𝐲 z − 𝐲 ) T ∙    (   𝐲 z − 𝐲 )  =    1 2 D E  (   𝐲 z , 𝐲 ) ⇒


   δ Ζ =     ∂ Δ  ∂   𝐲 Z =    (   𝐲 z − 𝐲 ) T


  𝐲  ( 𝛔 ) = 𝛔


    ∂   𝐲   ∂   𝛔  = 𝚰   ,     𝚰


    𝐖 1 =  [    − 6 . 47  − 6 . 58         +   9 . 82   + 7 . 08      +   6 . 17       − 2 . 85   ]


    𝐖 2 =  [ 6 . 44         6 . 56     − 9 . 62 ]


  𝛔 =   𝐖 1 ∙ 𝐱


  K (   𝒘  𝜈  𝜁 )


    𝒘  𝜈  𝜁  ( t + 1 ) =   𝒘  𝜈  𝜁  ( t ) +   𝜟 𝒘  𝜈  𝜁  ( t + 1 )


    𝜟 𝒘  𝜈  𝜁  ( t + 1 ) = − 𝜌      𝜕 𝛫  𝜕   𝒘  𝜈  𝜁 |    𝒘  𝜈  𝜁  ( t ) = − 𝜌 ∇   𝛫    𝒘  𝜈  𝜁  ( t )


    𝜟 𝒘  𝜈  𝜁  ( t + 1 ) = − 𝜌      𝜕 𝛫  𝜕   𝒘  𝜈  𝜁 |    𝒘  𝜈  𝜁  ( t ) = − 𝜌 ∇   𝛫    𝒘  𝜈  𝜁  ( t )


    𝜟 𝒘  𝜈  𝜁  ( t + 1 ) = − 𝜌      𝜕 𝛫  𝜕   𝒘  𝜈  𝜁 |    𝒘  𝜈  𝜁  ( t ) + 𝛼   𝜟 𝒘  𝜈  𝜁  ( t )


    𝜟 𝒘  𝜈  𝜁  ( t ) =   𝜟 𝒘  𝜈  𝜁  ( t ) −   𝜟 𝒘  𝜈  𝜁  ( t − 1 )


    𝜟 𝒘  𝜈  𝜁  ( t ) =   𝜟 𝒘  𝜈  𝜁  ( t ) −   𝜟 𝒘  𝜈  𝜁  ( t − 1 )


  𝛼 ∈  ( 0   1 )


  𝛼   𝜟 𝒘  𝜈  𝜁  ( t )


  | ∇   𝛫    𝒘  𝜈  𝜁  ( t ) |


  𝑮  ( t ) = − 𝜌 ∇   𝛫    𝒘  𝜈  𝜁  ( t )


  𝜟 𝒘  ( T ) = − 𝜌 𝑮  ( 𝛵 ) + 𝛼 ∙ 𝜟 𝒘  ( T − 1 )


  𝜟 𝒘  ( T − 1 ) = − 𝜌 𝑮  ( 𝛵 − 1 ) + 𝛼 ∙ 𝜟 𝒘  ( T − 2 ) ⇒ 𝛼 𝜟 𝒘  ( T − 1 ) = − 𝜌 𝛼 𝑮  ( 𝛵 − 1 ) +   𝛼 2 ∙ 𝜟 𝒘  ( T − 2 )


  𝜟 𝒘  ( T − 1 ) = − 𝜌 𝑮  ( 𝛵 − 1 ) + 𝛼 ∙ 𝜟 𝒘  ( T − 2 ) ⇒ 𝛼 𝜟 𝒘  ( T − 1 ) = − 𝜌 𝛼 𝑮  ( 𝛵 − 1 ) +   𝛼 2 ∙ 𝜟 𝒘  ( T − 2 )


  𝜟 𝒘  ( T − 2 ) = − 𝜌 𝑮  ( 𝛵 − 2 ) + 𝛼 ∙ 𝜟 𝒘  ( T − 3 ) ⇒   𝛼 2 𝜟 𝒘  ( T − 2 ) = − 𝜌   𝛼 2 𝑮  ( 𝛵 − 2 ) +   𝛼 3 ∙ 𝜟 𝒘  ( T − 3 )


  𝜟 𝒘  ( T − 2 ) = − 𝜌 𝑮  ( 𝛵 − 2 ) + 𝛼 ∙ 𝜟 𝒘  ( T − 3 ) ⇒   𝛼 2 𝜟 𝒘  ( T − 2 ) = − 𝜌   𝛼 2 𝑮  ( 𝛵 − 2 ) +   𝛼 3 ∙ 𝜟 𝒘  ( T − 3 )


  ⋮


  ⋮


  𝜟 𝒘  ( 2 ) = − 𝜌 𝑮  ( 2 ) + 𝛼 ∙ 𝜟 𝒘  ( 1 ) ⇒   𝛼  𝛵 − 2 𝜟 𝒘  ( 2 ) = − 𝜌   𝛼  𝛵 − 2 𝑮  ( 2 ) +   𝛼  𝛵 − 1 ∙ 𝜟 𝒘  ( 1 )


  𝜟 𝒘  ( 2 ) = − 𝜌 𝑮  ( 2 ) + 𝛼 ∙ 𝜟 𝒘  ( 1 ) ⇒   𝛼  𝛵 − 2 𝜟 𝒘  ( 2 ) = − 𝜌   𝛼  𝛵 − 2 𝑮  ( 2 ) +   𝛼  𝛵 − 1 ∙ 𝜟 𝒘  ( 1 )


  𝜟 𝒘  ( 1 ) = − 𝜌 𝑮  ( t ) + 𝛼 ∙ 𝜟 𝒘  ( 0 ) ⇒     𝛼  𝛵 − 1 𝜟 𝒘  ( 1 ) = − 𝜌   𝛼  𝛵 − 1 𝑮  ( 1 ) +   𝛼  𝛵 ∙ 𝜟 𝒘  ( 0 )


  𝜟 𝒘  ( 1 ) = − 𝜌 𝑮  ( t ) + 𝛼 ∙ 𝜟 𝒘  ( 0 ) ⇒     𝛼  𝛵 − 1 𝜟 𝒘  ( 1 ) = − 𝜌   𝛼  𝛵 − 1 𝑮  ( 1 ) +   𝛼  𝛵 ∙ 𝜟 𝒘  ( 0 )


  𝜟 𝒘  ( T ) = − 𝜌   ∑  t = 0  T − 1    a  t 𝑮  ( 𝛵 − t ) +   𝛼  T ∙ 𝜟 𝒘  ( 0 )


  𝜟 𝒘  ( T )


    𝛼  T ∙ 𝜟 𝒘  ( 0 )


  𝜟 𝒘  ( T ) = − 𝜌  ( 1 + 𝛼 +   𝛼 2 + ⋯ +   𝛼  𝛵 − 1 ) 𝑮 = − 𝝆   𝟏 −   𝜶  𝜯  𝟏 − 𝜶 𝑮 ≈ −   𝝆  𝟏 − 𝜶 𝑮


  x ∗ w =  { x ∗ w }  ( r , c ) =   ∑  k    ∑  l  x  ( k , l ) ∙ w  ( r − k , c − l )   μ ε   r , c , k , l ∈   ℤ


  x ∘ w =  { x ∘ w }  ( r , c ) =   ∑  k    ∑  l  x  ( k , l ) ∙ w  ( k − r , l − c )   μ ε   r , c , k , l ∈   ℤ


  ℤ × ℤ


  ∗          [    − 1  0  1   − 2  0  2   − 1  0  1 ]          


  𝒙 =  [   x 1 …   x  n   … x  N ,       1 ]


    𝒘  𝒎 =    [   w  1 m , …   w  n m , …   w  N m ,   w  0 m ]  𝛵


    𝜎  m =   𝒘  m  T ∙ 𝒙


    y  m =    ⅇ    𝒘  𝒎  𝑻 ⋅   𝒙     ∑  k   ⅇ    𝒘  k  T ⋅   𝒙 


    ∑  m = 1  M    y  m = 1


  c ∈ { 1 , … , M }


  1 , … , M


    y  m = p ( 𝜔 = m |   𝒙  𝒄 )


  p  (  𝜔 = m |    𝒙  𝒄 )


  q  (  𝜔 = m |    𝒙  𝒄 ) =  {    1   𝛼 𝜈   m = c   0   𝛼 𝜈   m ≠ c


  𝛨  ( q , p ) = −   ∑  ∀ 𝜔  q  ( 𝜔 ) ∙  log ⁡   ( p  ( 𝜔 ) ) =


  −   ∑  m = 1  M  q  ( 𝜔 = m |   𝒙  c ) ∙  log ⁡   ( p  ( 𝜔 = m |   𝒙  c ) ) = −   ∑  m = 1  M  q  ( 𝜔 = m |   𝒙  c ) ∙  log ⁡   (   y  m ) = − log ⁡ (   y  c )


  −   ∑  m = 1  M  q  ( 𝜔 = m |   𝒙  c ) ∙  log ⁡   ( p  ( 𝜔 = m |   𝒙  c ) ) = −   ∑  m = 1  M  q  ( 𝜔 = m |   𝒙  c ) ∙  log ⁡   (   y  m ) = − log ⁡ (   y  c )


  L  ( 𝑾 ) = −   ∑  i    ∑  m  q  ( 𝜔 = m |   𝒙  i  c ) ∙ log ⁡ (   y  m i ) = −   ∑  i  log  (   y  c , i )


    y  c , i =    ⅇ    𝒘  c  T ⋅   𝒙  i    ∑  m   ⅇ    𝒘  m  T ⋅   𝒙  𝒊


  j ∈  { 1 … M }


    𝜕 L  𝜕   𝒘  j =   𝜕  𝜗   𝒘  j  ( −   ∑  i  log ⁡  (   y  c i ) ) = −   ∑  i    𝜕  𝜗   𝒘  j  log ⁡   (   y  c i ) = −   ∑  i    𝜕  𝜗   𝒘  j log ⁡ (    ⅇ    𝑾  c  T ⋅   𝒙  i    ∑  m   ⅇ    𝑾  m  T ⋅   𝒙  i )


    𝜎  j =   𝒘  j  T ∙   𝒙  ,           y  c =     e    𝜎  c    ∑  m    e    𝜎  m


    l  = log ⁡ (   y  c )


    𝜕 l  𝜕   𝒘  j =   𝜕 l  𝜕   y  c   𝜕   y  c  𝜕   𝜎  j   𝜕   𝜎  j  𝜕   𝒘  j


    𝜕   𝜎  j  𝜕   𝒘  j =   𝒙  i  T


    𝜕   l  i  𝜕   y  c =  1    y  c


    𝜕   y  c  𝜕   𝜎  j =   𝜕  𝜕   z  j  (     e    𝜎  c    ∑  m    e    𝜎  m ) =  {        e  𝜎 ⋅   ∑  m    e    𝜎  m −   e    𝜎  c ⋅   e    𝜎  c     (   ∑  m    e    𝜎  m ) 2 =   y  c  ( 1 −   y  c )     a 𝜈   j = c     −   e    𝜎  c ⋅   e    𝜎  j     (   ∑  m    e    𝜎  m ) 2 = −   y  c ⋅   y  j                 𝛼 𝜈   j ≠ c


    𝜕   l  i  𝜕   w  j =  {     ( 1 −   y  c ) ⋅   𝒙  i  T     𝛼 𝜈   j = c   −   y  j ⋅   𝒙  i  T     𝛼 𝜈   j ≠ c


    𝜕   l  i  𝜕   w  n j =  {     ( 1 −   y  c ) ⋅   x  n i     𝛼 𝜈   j = c   −   y  j ⋅   x  n i     𝛼 𝜈   j ≠ c


    𝜕 L  𝜕   w  n j = −   ∑  i    𝜕   l  i  𝜕   w  n j


  y = max ⁡ {   x  i ∈ R }


    𝜕 y  𝜕   x  𝜄 =  {    1   𝛼 𝜈   y =   x  i   0   𝛼 𝜈   y ≠   x  i


    𝜕 y  𝜕   x 1 = 0


    𝜕 y  𝜕   x 2 = 1


    𝜕 y  𝜕   x 3 = 0


    𝜕 y  𝜕   x 4 = 0


   1  n


  n


    𝛿 0 =     𝜕  L    𝜕    𝜎 0


    𝛿 1 =     𝜕  L    𝜕    𝜎 1


    𝛿 2 =     𝜕  L    𝜕    𝜎 2


    𝛿 3 =     𝜕  L    𝜕    𝜎 3


  𝒘 =  [   w 0 ,   w 1 ,   w 2 ]


  𝝈 =    [   𝜎 0 ,   𝜎 1 ,   𝜎 2 ]  T


    𝜎 0 =   w 0   y 0 +   w 1   y 1 +   w 2   y 2


    𝜎 1 =   w 0   y 1 +   w 1   y 2 +   w 2   y 3


    𝜎 2 =   w 0   y 2 +   w 1   y 3 +   w 2   y 4


    𝜎 3 =   w 0   y 3 +   w 1   y 4 +   w 2   y 5


      𝜕  L    𝜕    w 0 =     𝜕  L    𝜕  𝝈 ∙     𝜕  𝝈    𝜕    w 0 =  [   𝛿 0 ,   𝛿 1 ,   𝛿 2 ,   𝛿 3 ] ∙  [      y 0        y 1        y 2     y 3 ] =   𝛿 0   y 0 +   𝛿 1   y 1 +   𝛿 2   y 2 +   𝛿 3   y 3


      𝜕  L    𝜕    w 1 =     𝜕  L    𝜕  𝝈 ∙     𝜕  𝝈    𝜕    w 1 =  [   𝛿 0 ,   𝛿 1 ,   𝛿 2 ,   𝛿 3 ] ∙  [      y 1        y 2        y 3     y 4 ] =   𝛿 0   y 1 +   𝛿 1   y 2 +   𝛿 2   y 3 +   𝛿 3   y 4


      𝜕  L    𝜕    w 1 =     𝜕  L    𝜕  𝝈 ∙     𝜕  𝝈    𝜕    w 1 =  [   𝛿 0 ,   𝛿 1 ,   𝛿 2 ,   𝛿 3 ] ∙  [      y 1        y 2        y 3     y 4 ] =   𝛿 0   y 1 +   𝛿 1   y 2 +   𝛿 2   y 3 +   𝛿 3   y 4


      𝜕  L    𝜕    w 2 =     𝜕  L    𝜕  𝝈 ∙     𝜕  𝝈    𝜕    w 2 =  [   𝛿 0 ,   𝛿 1 ,   𝛿 2 ,   𝛿 3 ] ∙  [      y 2        y 3        y 4     y 5 ] =   𝛿 0   y 2 +   𝛿 1   y 3 +   𝛿 2   y 4 +   𝛿 3   y 5


      𝜕  L    𝜕    w 2 =     𝜕  L    𝜕  𝝈 ∙     𝜕  𝝈    𝜕    w 2 =  [   𝛿 0 ,   𝛿 1 ,   𝛿 2 ,   𝛿 3 ] ∙  [      y 2        y 3        y 4     y 5 ] =   𝛿 0   y 2 +   𝛿 1   y 3 +   𝛿 2   y 4 +   𝛿 3   y 5


    𝜎 0 =   w 0   y 0 +   w 1   y 1 +   w 2   y 2


    𝜎 1 =   w 0   y 1 +   w 1   y 2 +   w 2   y 3


    𝜎 1 =   w 0   y 1 +   w 1   y 2 +   w 2   y 3


    𝜎 2 =   w 0   y 2 +   w 1   y 3 +   w 2   y 4


    𝜎 2 =   w 0   y 2 +   w 1   y 3 +   w 2   y 4


    𝜎 3 =   w 0   y 3 +   w 1   y 4 +   w 2   y 5


    𝜎 3 =   w 0   y 3 +   w 1   y 4 +   w 2   y 5


      𝜕  L    𝜕    y 0 ,     𝜕  L    𝜕    y 1 , … ,     𝜕  L    𝜕    y 5


      𝜕  L    𝜕    y 0 =     𝜕  L    𝜕  𝝈 ∙     𝜕  𝝈    𝜕    y 0 =  [   𝛿 0 ,   𝛿 1 ,   𝛿 2 ,   𝛿 3 ] ∙  [      w 0      0      0   0 ] =   𝛿 0   w 0


      𝜕  L    𝜕    y 1 =     𝜕  L    𝜕  𝝈 ∙     𝜕  𝝈    𝜕    y 1 =  [   𝛿 0 ,   𝛿 1 ,   𝛿 2 ,   𝛿 3 ] ∙  [      w 1        w 0      0   0 ] =   𝛿 0   w 1 +   𝛿 1   w 0


      𝜕  L    𝜕    y 2 =   𝛿 0   w 2 +   𝛿 1   w 1 +   𝛿 2   w 0


      𝜕  L    𝜕    y 3 =   𝛿 1   w 2 +   𝛿 2   w 1 +   𝛿 3   w 0


      𝜕  L    𝜕    y 4 =   𝛿 2   w 2 +   𝛿 3   w 1


      𝜕  L    𝜕    y 5 =   𝛿 3   w 2


  𝛿


    𝐔 


  ∙   𝐡  t − 1


    𝐡  t − 1


  ∙   𝐱 t


    𝐛 


    𝐲 t = 𝐕 ∙   𝐡 t + 𝐜


    𝐕 


    𝐡 t


    𝐇 t


    𝐖 


    𝐱 t


   b N


   b 1


   b n


  𝐡  ( t − 1 ) =  [     h 1  ( t − 1 )   ⋮    h  n  ( t − 1 )   ⋮    h  N  ( t − 1 ) ]


    𝐖 1 ∙ 𝐗  ( t ) =   𝐎 1


    𝐖  N ∙ 𝐗 ( t )


  (   𝐔 1 ∙ 𝐡  ( t − 1 ) )


  (   𝐔  n ∙ 𝐡  ( t − 1 ) )


  (   𝐔  N ∙ 𝐡  ( t − 1 ) )


  𝐲  ( t ) =   𝐕  ∙ 𝐡  ( t ) +   𝐜 


   h  N


   h  n


   h 1


  𝐱  ( t ) =  [         x 1  ( t )   ⋮     x  m  ( t )   ⋮     x  M  ( t ) ]


   b N


   b 1


   b n


  𝐡  ( t − 1 ) =  [     h 1  ( t − 1 )   ⋮    h  n  ( t − 1 )   ⋮    h  N  ( t − 1 ) ]


    𝐰 1 ∙ 𝐱  ( t )


    𝐖  ∙ 𝐗 ( t )


  (   𝐔 1 ∙ 𝐡  ( t − 1 ) )


  (   𝐔  n ∙ 𝐡  ( t − 1 ) )


  (   𝐔  N ∙ 𝐡  ( t − 1 ) )


    𝐕 1 ∙ 𝐡  ( t ) +  c 1


   h  N


   h  n


   h 1


  𝐱  ( t ) =  [         x 1  ( t )   ⋮     x  m  ( t )   ⋮     x  M  ( t ) ]


  𝐱  ( t ) =  [      x 1  ( t )   ⋮     x  m  ( t )   ⋮     x  M  ( t ) ] ,       𝐱  ( t ) ∈  ℝ  M


  𝐡  ( t ) =  [     h 1  ( t )   ⋮    h  n  ( t )   ⋮    h  N  ( t ) ] ,       𝐡  ( t ) ∈  ℝ  N


    𝐰  n  =  [   w  n 1 ,   w  n 2   , ⋯ , w  n m , ⋯ ,   w  n M ] ,         𝐰  n T ∈  ℝ  M


  𝐖 =  [      𝐰 1   ⋮     𝐰  n   ⋮     𝐰  N ] =  [      w 11 ,   w 12   , ⋯ , w  1 m , ⋯ ,   w  1 M   ⋮     w  n 1 ,   w  n 2   , ⋯ , w  n m , ⋯ ,   w  n M   ⋮     w  N 1 ,   w  N 2   , ⋯ , w  N m , ⋯ ,   w  N M ]


  𝐖 ∈  ℝ  N × M


    𝐮  n  =  [   u  n 1 ,   u  n 2   , ⋯ , u  n i , ⋯ ,   u  n N ] ,         𝐮  n T ∈  ℝ  N


  𝐔 =  [      𝐮 1   ⋮     𝐮  n   ⋮     𝐮  N ] =  [      u 11 ,   u 12   , ⋯ , u  1 i , ⋯ ,   u  1 N   ⋮     u  n 1 ,   u  n 2   , ⋯ , u  n i , ⋯ ,   u  n N   ⋮     u  N 1 ,   u  N 2   , ⋯ , u  N i , ⋯ ,   u  N N ]


  𝐔 ∈  ℝ  N × N


  𝐛 =  [      b 1   ⋮     b  n   ⋮     b  N ] ,       𝐛 ∈  ℝ  N


  𝐕 =  [      𝐯 1   ⋮     𝐯  k   ⋮     𝐯  K ] =  [      v 11 ,   v 12   , ⋯ , v  1 j , ⋯ ,   v  1 N   ⋮     v  k 1 ,   v  k 2   , ⋯ , v  k j , ⋯ ,   v  k N   ⋮     u  K 1 ,   u  K 2   , ⋯ , u  K j , ⋯ ,   u  K N ]


  𝐕 ∈  ℝ  K × N


  𝐜 =  [      c 1   ⋮     c  k   ⋮     c  K ] ,       𝐜 ∈  ℝ  K


  𝐡  ( t ) = 𝐟  ( 𝐖 ∙ 𝐱  ( t ) + 𝐔 ∙ 𝐡  ( t − 1 ) + 𝐛 ) =  [    f  (   𝐰 1 ∙ 𝐱  ( t ) +   𝐮 1 ∙ 𝐡  ( t − 1 ) +  b 1 )   ⋮      f  (   𝐰 n ∙ 𝐱  ( t ) +   𝐮 n ∙ 𝐡  ( t − 1 ) +  b n )   ⋮   f  (   𝐰 N ∙ 𝐱  ( t ) +   𝐮 N ∙ 𝐡  ( t − 1 ) +  b N ) ]


  𝐲  ( t ) = 𝐕 ∙ 𝐡  ( t ) + 𝐜


    𝐖  ζ  ( t + 1 )   = 𝐖  ζ  ( t ) − ρ   ∑  ∀  ( 𝐱 , 𝐲 )     (   𝛅 ζ ) Τ ⋅    (   𝐲   ζ − 1 ) Τ      


    𝛅 Ζ =    (   𝐲 z − 𝐲 ) Τ ⊙    [   f ′  (  σ ν Z ) ]  : 𝛎 = 𝟏    𝚴  𝚭


    𝛅 ζ =   𝛅  ζ + 1 ∙   𝐖  𝜁 + 1 ⊙    [   f ′  (  σ ν ζ ) ]  : 𝛎 = 𝟏    𝚴  𝚭


    𝛅  2 =  [  δ 1 2   , ⋯ ,  δ k 2 ,   ⋯ , δ Κ 2 ]


   δ  𝜅 2 =   ∂ Δ  ∂  y k ( t )


   tanh ′  ( x ) = 1 −  tanh 2  ( x ) =   1 − f ( x ) 2


     tanh ′ ⁡   (   𝐰 n ∙ 𝐱  ( t ) +   𝐮 n ∙ 𝐡  ( t − 1 ) +  b n ) =  ( 1 −    h  n  ( t ) 2 )


    𝛅 1 =   𝛅 2 ∙ 𝐕 ⊙    [ 1 −    h  n  ( t ) 2 ]  : 𝛎 = 𝟏    𝚴  𝚭


    𝛅 1 =   𝛅 2 ∙ 𝐕 ⊙    [ 1 −    h  n  ( t ) 2 ]  : 𝛎 = 𝟏    𝚴  𝚭


    ∂ Δ  ∂ 𝐕


    ∂ Δ  ∂ 𝐜


    ∂ Δ  ∂ 𝐖


    ∂ Δ  ∂ 𝐔


    ∂ Δ  ∂ 𝐛


    ∂ Δ  ∂ 𝐕 =     𝛅 2 Τ ∙   𝐡 T  ( t ) =    ( 𝐡  ( t ) ∙   𝛅 2 ) Τ


    ∂ Δ  ∂ 𝐜 =     𝛅 2 Τ


    ∂ Δ  ∂ 𝐖 =     𝛅 1 Τ ∙   𝐱 Τ  ( t )


    ∂ Δ  ∂ 𝐔 =     𝛅 1 Τ ∙   𝐡 Τ  ( t − 1 )


    ∂ Δ  ∂ 𝐛 =     𝛅 1 Τ


    b  i =   m i n  k  {    ∑  v = 1  N     (   x  𝜈 i −   c  𝜈 k ) 2 }


  P =   ∑  ∀   b  i = k 1


  


  𝒙 ∈   R  N


    𝒘  k = [   w  1 k …     w  n k …     w  N k  ]  T


    o  k ( t ) =  ‖ 𝐱 ( t ) −   𝒘  𝐤 ( t ) ‖ =    ∑  n = 1  N  (   x  n ( t ) −   w  n k ( t )  ) 2


  Δ  w  n k =  {    𝛼 ( t ) ⋅ (   x  n  ( t ) −   w  n k ( t ) )  αν  k  ∈    Ν  c     0 αν k  ∉    N  c


    S  𝜈 =    |   𝜇  𝜈  𝛢 −   𝜇  𝜈  𝛣 |   (   𝜎  𝜈  𝛢  ) 2 + (   𝜎  𝜈  𝛣  ) 2


    𝜇  𝜈  𝛢


    𝜇  𝜈  𝛣


    𝜎  𝜈  𝛢


    𝜎  𝜈  𝛣


      S  𝜈 2  =     (   𝜇  𝜈  𝛢 −   𝜇  𝜈  𝛣 ) 2  (   𝜎  𝜈  𝛢  ) 2 + (   𝜎  𝜈  𝛣  ) 2


    C  𝜈 𝜆  p =    1    𝛫  p   ∑  𝜅 = 1    𝛫  p  (   x  𝜈 𝜅 −   𝜇  𝜈 ) (   x  𝜆 𝜅 −   𝜇  𝜆 )    𝜎  𝜈   𝜎  𝜆 =     𝜎  𝜈 𝜆    𝜎  𝜈   𝜎  𝜆


    𝜇  𝜈 ,   𝜇  𝜆 ,   𝜎  𝜈


    𝜎  𝜆


    x 1  A =  [    0   1   0 ] ,   x 2  A =  [    1   0 . 5   1 ] ,   x 3  B =  [    0 . 5   − 1   0 ] ,   x 4  B =  [    1   0   1 ]


    𝜇  𝛢 =  [      ( 0 + 1 ) 2     ( 1 + 0 . 5 ) 2     ( 0 + 1 ) 2 ] =  [     1 2    3 4    1 2 ]


    𝜇  𝛣 =  [      ( 0 . 5 + 1 ) 2     ( − 1 + 0 ) 2     ( 0 + 1 ) 2 ] =  [     3 4     − 1 2    1 2 ]


  (   𝜎 1  𝛢  ) 2 =   ( 0 −  1 2  ) 2 + ( 1 −  1 2  ) 2 2 =  1 4


  (   𝜎 2  𝛢  ) 2 =   ( 1 −  3 4  ) 2 + (  1 2 −  3 4  ) 2 2 =  1 16


  (   𝜎 3  𝛢  ) 2 =   ( 0 −  1 2  ) 2 + ( 1 −  1 2  ) 2 2 =  1 4


  (   𝜎 1  𝛣  ) 2 =   (  1 2 −  3 4  ) 2 + ( 1 −  3 4  ) 2 2 =  1 16


  (   𝜎 2  𝛣  ) 2 =   ( − 1 +  1 2  ) 2 + ( 0 −  1 2  ) 2 2 =  1 4


  (   𝜎 3  𝛣  ) 2 =   ( 0 −  1 2  ) 2 + ( 1 −  1 2  ) 2 2 =  1 4


    S  A B 1 =    |  1 2 −  3 4 |    1 4 +  1 16


    S  A B 2 =    |  3 4 +  1 2 |    1 16 +  1 4


    S  A B 3 =    |  1 2 −  1 2 |    1 4 +  1 4 = 0


    𝒙  𝜅 =    |      x  1κ    x  2κ  …    x  νκ  …    x  Νκ |  𝛵


  = E [   𝒙  𝜅 ] =  1  𝛫   ∑  𝜅 = 1  𝛫    𝒙  𝜅 = 𝟎


    𝑪  x = E  [ 𝒙   𝒙  𝛵 ] =  1  𝛫   ∑  𝜅 = 1  𝛫    𝒙  𝜅     𝒙  𝜅  𝛵 =  [      𝜎 1 2    𝜎  12  ⋯    𝜎  1ν  ⋯    𝜎  1Ν     𝜎  21    𝜎 2 2  ⋯    𝜎  2ν  ⋯    𝜎  2Ν   ⋮  ⋮  ⋮  ⋮  ⋮  ⋮     𝜎  λ1    𝜎  λ2  ⋯    𝜎  λν  ⋯    𝜎  λΝ   ⋮  ⋮  ⋮  ⋮  ⋮  ⋮     𝜎  Ν1    𝜎  Ν2  ⋯    𝜎  Νν  ⋯    𝜎  N 2 ]


    𝜎  𝜈 2


    𝜎  𝜈 2


  𝒚 =   𝑾  T ⋅ 𝒙


  𝜦 =  [      𝜆 1  0  ⋯  0   0    𝜆 2  ⋯  0   ⋮  ⋮  ⋱  ⋮   0  0  ⋯    𝜆  N ]


    𝐐 T ⋅   𝐂  𝐱 ⋅ 𝐐 = 𝚲


    𝑪  𝒚 =  [      𝜆 1  0  ⋯  0   0    𝜆 2  ⋯  0   ⋮  ⋮  ⋱  ⋮   0  0  ⋯    𝜆  N ]   = 𝜦  ,    λ 1 >   𝜆 2 > . . . >   𝜆  𝜈 > . . . >   𝜆  𝛮


    𝒚  𝜅 =    |      y  1κ    y  2κ  …    y  νκ  …    y  Νκ |  𝛵


  𝒚 =   𝑸  T ⋅ 𝒙


    𝒚  𝜅 =    |      𝒙  𝜅  𝛵 ∙   𝒒 1 ,    𝒙  𝜅  𝛵 ∙   𝒒 2  …    𝒙  𝜅  𝛵 ∙   𝒒  𝜈  …    𝒙  𝜅  𝛵 ∙   𝒒  𝛮 |  𝛵


      y  𝜈 𝜅 = 𝒙  𝜅  𝛵 ∙   𝒒  𝜈


    𝜆  𝜈 =    σ ′  𝜈 2


      𝜀 2 ¯ ( 𝛭 ) =   ∑  ν=Μ+1  𝛮    𝜆  𝜈


  𝒚 =   𝑸  T ⋅ 𝒙


      𝜀 2 ¯ ( 3 ) =   ∑  ν=3+1  𝛮    𝜆  𝜈 =   𝜆 4 +   𝜆 5


    x 1 =  [       1   0 ] ,     x 2 =  [    1   1 ] ,     x 3 =  [    2   0 ] ,     x 4 =  [    4   3 ] ,     x 5 =  [    5   2 ]


  𝜇 =  [     ( 1 + 1 + 2 + 4 + 5 ) / 5    ( 0 + 1 + 0 + 3 + 2 ) / 5 ] =  [     13 5    6 5 ] =  [    2 , 6   1 , 2 ]


    𝜎 1 2 =   ( 1-2.6  ) 2 + ( 1-2.6  ) 2 + ( 2-2.6  ) 2 + ( 4-2.6  ) 2 + ( 5-2.6  ) 2 5 = 2 . 64


    𝜎 1 2 =   ( 1-2.6  ) 2 + ( 1-2.6  ) 2 + ( 2-2.6  ) 2 + ( 4-2.6  ) 2 + ( 5-2.6  ) 2 5 = 2 . 64


    𝜎 2 2 =   ( 0-1.2  ) 2 + ( 1-1.2  ) 2 + ( 0-1.2  ) 2 + ( 3-1.2  ) 2 + ( 2-1.2  ) 2 5 = 1.36


    𝜎 2 2 =   ( 0-1.2  ) 2 + ( 1-1.2  ) 2 + ( 0-1.2  ) 2 + ( 3-1.2  ) 2 + ( 2-1.2  ) 2 5 = 1.36


    𝜎  21 =   ( 0-1.2 ) ( 1-2.6 ) + ( 1-1.2 ) ( 1-2.6 ) + ( 0-1.2 ) ( 2-2.6 ) + ( 3-1.2 ) ( 4-2.6 ) + ( 2-1.2 ) ( 5-2.6 ) 5 = 1 . 48


    𝜎  21 =   ( 0-1.2 ) ( 1-2.6 ) + ( 1-1.2 ) ( 1-2.6 ) + ( 0-1.2 ) ( 2-2.6 ) + ( 3-1.2 ) ( 4-2.6 ) + ( 2-1.2 ) ( 5-2.6 ) 5 = 1 . 48


    𝜎  12 =   𝜎  21 = 1 . 48


    𝜎  12 =   𝜎  21 = 1 . 48


    C  x =  |      𝜎 1 2    𝜎  12     𝜎  21    𝜎  22 2 | =  [    2.64  1.48   1.48  1.36 ]


    C  x =  |      𝜎 1 2    𝜎  12     𝜎  21    𝜎  22 2 | =  [    2.64  1.48   1.48  1.36 ]


  det  (   C  x − 𝜆 ⋅ I ) = det  [    2.64 − 𝜆  1.48   1.48  1.36 − 𝜆 ] =  ( 2.64 − 𝜆 ) ⋅  ( 1.36 − 𝜆 ) − 1.4  8 2 =


    𝜆 2 − 4 ⋅ 𝜆 + 1.4 = 0


   |    2 . 64 − 3 . 61  1 . 48   1 . 48  1 . 36 − 3 . 61 | ⋅  |      q  11     q  21 | = 0 ⇒    − 0 . 97 ⋅   q  11 + 1 . 48 ⋅   q  21 = 0   1 . 48 ⋅ q − 2 . 25 ⋅   q  21 = 0


   ‖   𝒒 1 ‖ =1 ⇔    𝛼 2 + ( 𝛼 ⋅ 1 . 65  ) 2 = 1 ⇔ 𝛼 = ± 1 /  1 + 1 . 6  5 2 ≈ . 84


    y  k ( t ) =   ∑  𝜈 = 1  𝛮    w  𝜅 𝜈 ( t ) ⋅   x  𝜈 ( t )


  Δ  w  κν ( t ) = 𝛾  (       y  𝜅 ( t ) ⋅   x  𝜈 ( t ) ⏟  ( 𝛼 ) −       y  𝜅 ( t ) ⋅   ∑  𝜆 = 1  𝜅    w  𝜆 𝜈 ( t ) ⋅   y  𝜆 ( t ) ⏟  ( 𝛽 ) )


    X  t N ∪   X  t O =   X  t


    X  t N ∩   X  t O = ∅


  I ( t ) = −   ∑  i = 1  M  P (   C  i | t ) ⋅     l o g 2 ⁡  P (   C  i | t )


  𝛥 I ( t ) = I ( t ) −     𝛬  t N    𝛬  t ⋅ 𝛪 (   t  N ) −     𝛬  t O    𝛬  t ⋅ 𝛪 (   t  O )


  P  (    C 1 |  𝒙 ) =   p ( 𝒙 |   C  𝟏 ) ∙ P (   C  𝟏 )  p ( 𝒙 )


  P  (    C 2 |  𝒙 ) =   p ( 𝒙 |   C  𝟐 ) ∙ P (   C  𝟐 )  p ( 𝒙 )


    P  e = P  ( 𝒙 ∈   R 2 ,   C 1 ) + P  ( 𝒙 ∈   R 1 ,   C 2 ) =


  P  (   C 1 ) ∙ P  (  𝒙 ∈   R 2 |    C 1 ) + P  (   C 2 ) ∙ P  (  𝒙 ∈   R 1 |    C 2 ) =


  P  (   C 1 ) ∙ P  (  𝒙 ∈   R 2 |    C 1 ) + P  (   C 2 ) ∙ P  (  𝒙 ∈   R 1 |    C 2 ) =


  P  (   C 1 ) ∙   ∫    R 2  p  (  𝒙 |    C 1 ) d 𝒙 + P  (   C 2 ) ∙   ∫    R 1  p  (  𝒙 |    C 2 ) d 𝒙


      ∫    R 2  p  (    C 1 |  𝒙 ) ∙ p ( 𝒙 ) d 𝒙 +   ∫    R 1  p  (    C 2 |  𝒙 ) ∙ p ( 𝒙 ) d 𝒙 


    ∫  − ∞  + ∞  p  (  𝒙 |    C 1 ) d 𝒙 = 1 ⇒   ∫    R 1  p  (  𝒙 |    C 1 ) d 𝒙 +   ∫    R 2  p  (  𝒙 |    C 1 ) d 𝒙 = 1 ⇒


     1  P (   C 1 )   ∫    R 1  p  (    C 1 |  𝒙 ) ∙ p ( 𝒙 ) d 𝒙 +  1  P (   C 1 )   ∫    R 2  p  (    C 1 |  𝒙 ) ∙ p ( 𝒙 ) d 𝒙  = 1 ⇒


     1  P (   C 1 )   ∫    R 1  p  (    C 1 |  𝒙 ) ∙ p ( 𝒙 ) d 𝒙 +  1  P (   C 1 )   ∫    R 2  p  (    C 1 |  𝒙 ) ∙ p ( 𝒙 ) d 𝒙  = 1 ⇒


    ∫    R 1  p  (    C 1 |  𝒙 ) ∙ p ( 𝒙 ) d 𝒙 +   ∫    R 2  p  (    C 1 |  𝒙 ) ∙ p  ( 𝒙 ) d 𝒙 = P (   C 1 ) ⇒


    ∫    R 1  p  (    C 1 |  𝒙 ) ∙ p ( 𝒙 ) d 𝒙 +   ∫    R 2  p  (    C 1 |  𝒙 ) ∙ p  ( 𝒙 ) d 𝒙 = P (   C 1 ) ⇒


    ∫    R 2  p  (    C 1 |  𝒙 ) ∙ p  ( 𝒙 ) d 𝒙 = P  (   C 1 ) −   ∫    R 1  p  (    C 1 |  𝒙 ) ∙ p ( 𝒙 ) d 𝒙


    P  e = P  (   C 1 ) −   ∫    R 1   ( P  (    C 1 |  𝒙 ) − P  (    C 2 |  𝒙 ) ) p  ( 𝒙 ) d 𝒙


  P  (    C 1 |  𝒙 ) > P  (    C 2 |  𝒙 )


  P  (    C  i |  𝒙 ) > P  (    C  j |  𝒙 )     𝜇 𝜀   i ≠ j


  p  ( x ) =  1  𝜎  2 𝜋   e  −     ( x − 𝜇 ) 2  2   𝜎 2


  p  ( 𝒙 ) =  1  (   2 𝜋 )  𝛮 / 2    | 𝑪 |  1 / 2   e  −     ( 𝒙 − 𝝁 )  𝛵   𝑪  − 1 ( 𝒙 − 𝝁 ) 2


  𝑪 =  [      𝜎 1 2    𝜎 12     𝜎 21    𝜎 2 2 ]


  𝑪 =  [    1  0   0  1 ]


  𝑪 =  [    0 . 25  0   0  1 ]


  𝑪 =  [    1  0 . 4   0 . 4  0 . 5 ]


    g  i  ( 𝒙 ) = l n  ( p ( 𝒙 |   𝛫  i ) ∙ P (   𝛫  i ) ) = l n  ( p ( 𝒙 |   𝛫  i ) ) + ln ⁡ ( P (   𝛫  i ) ) = >


    g  i  ( 𝒙 ) = −      ( 𝒙 −   𝝁  i )  𝛵   𝑪  i  − 1  ( 𝒙 −   𝝁  i ) 2 +  ln ⁡   ( P  (   𝛫  i ) ) +   c  i = >


    g  i  ( 𝒙 ) = −  1 2   𝒙  T   𝑪  i  − 1 𝒙 +  1 2   𝝁  i  T  (   𝑪  i  − 1 +    (   𝑪  i  − 1 )  T ) 𝒙 −  1 2   𝝁  i  𝛵   𝑪  i  − 1   𝝁  i +  ln ⁡   ( P  (   𝛫  i ) ) +   c  i


    c  i = −   N 2  ln ⁡   ( 2 𝜋 ) −  1 2 ln ⁡ (  |   𝐂  i | )


    g  i  ( 𝒙 ) = 𝒎 𝒊 𝒏  {   g  m  ( 𝒙 ) } ,   ∀ m ≠ i


    d  ( 𝒙 ) = g 1  ( 𝒙 ) −   g 2  ( 𝒙 ) = 0


    g 1  ( 𝒙 )   κ α ι


    g 2  ( 𝒙 )


    𝑪 1 =  [    3  0   0  0 . 75 ]


    𝑪 2 =  [    1 . 2  0 . 0   0 . 0  0 . 1 ]


    𝑨  3 × 2 =  |    1  0 . 5   − 1  3   2  − 2 | ⇔   𝑨  2 × 3  T =  |    1  − 1  2   0 . 5  3  − 2 |


    𝛤  νμ =   ∑  𝜅 = 1  𝛫    𝛢  νκ ⋅   𝛣  κμ


    𝛢  3 × 2 =  |    1  2   0 . 5  4   3  1 |  και


    𝛣  2 × 3 =  |    3  − 1  1   1  0 . 5  − 0 . 5 |


  𝛢 ⋅ 𝛣 =   𝛤  3 × 3 =  |    1 ⋅ 3 + 2 ⋅ 1  1 ⋅ ( − 1 ) + 2 ⋅ 0 . 5  1 ⋅ 1 + 2 ⋅ ( − 0 . 5 )   0 . 5 ⋅ 3 + 4 ⋅ 1  0 . 5 ⋅ ( − 1 ) + 4 ⋅ 0 . 5  0 . 5 ⋅ 1 + 4 ⋅ ( − 0 . 5 )   3 ⋅ 3 + 1 ⋅ 1  3 ⋅ ( − 1 ) + 1 ⋅ 0 . 5  3 ⋅ 1 + 1 ⋅ ( − 0 . 5 ) = | =  |    5  0  0   7 . 5  1 . 5  − 1 . 5   10  − 2 . 5  2 . 5 |


  𝜇 =  1  K   ∑  𝜅 = 1  K    x  k = [   𝜇 1 ,   𝜇 2 , . . . ,   𝜇  𝜈 . . .   𝜇  𝛮  ]  𝛵  όπου   μ  𝜈 =  1  𝛫   ∑  𝜅 = 1  𝛫    x  𝜈 𝜅


    𝜇 →


    C  ον =  1  𝛫   ∑  𝜅 = 1  𝛫  (   x  k − 𝜇 ) ⋅ (   x  k − 𝜇  )  𝛵 =  1  𝛫   ∑  𝜅 = 1  𝛫   |      x  1κ −   𝜇 1     x  2κ −   𝜇 2   ⋮     x  νκ −   𝜇  𝜈   ⋮     x  κΝ −   𝜇  𝛮 | ⋅ [   x  1κ -  μ 1 ,  x  2κ -  μ 2 ,...,  x  νκ -  μ  𝜅 ,...  x  Νκ -  μ  𝛮 ] =


   1  𝛫   ∑  𝜅 = 1  𝛫   |    (   x  1κ   −   𝜇 1  ) 2  (   x  1κ  −   𝜇 1 ) ⋅ (   x  2κ −   𝜇 2 )  ⋯  (   x  1κ −   𝜇 1 ) ⋅ (   x  νκ −   𝜇  𝜈 )  ⋯  (   x  1κ −   𝜇 1 ) ⋅ (   x  Nκ −   𝜇  𝛮 )   (   x  2κ  −   𝜇 2 ) ⋅ (   x  1κ −   𝜇 1 )  (   x  2κ -  μ 2  ) 2  ⋯  (   x  2κ  −   𝜇 2 ) ⋅ (   x  νκ −   𝜇  𝜈 )  ⋯  (   x  2κ  −   𝜇 2 ) ⋅ (   x  Νκ −   𝜇  𝛮 )   ⋮  ⋮  ⋮  ⋮  ⋮    (   x  λκ  −   𝜇  𝜆 ) ⋅ (   x  1κ −   𝜇 1 )  (   x  λκ  −   𝜇  𝜆 ) ⋅ (   x  2κ −   𝜇 2 )  ⋯  (   x  λκ  −   𝜇  𝜆 ) ⋅ (   x  νκ −   𝜇  𝜈 )  ⋯  (   x  λκ  −   𝜇  𝜆 ) ⋅ (   x  Νκ −   𝜇  𝛮 )   ⋮  ⋮  ⋮  ⋮  ⋮    (   x  Νκ  −   𝜇  𝛮 ) ⋅ (   x  1κ −   𝜇 1 )  (   x  Νκ  −   𝜇  𝛮 ) ⋅ (   x  2κ −   𝜇 2 )  ⋯  (   x  Νκ  −   𝜇  𝛮 ) ⋅ (   x  νκ −   𝜇  𝜈 )  ⋯  (   x  Νκ   −   𝜇  𝛮  ) 2 |


   |      𝜎 1 2    𝜎  12  ⋯    𝜎  1ν  ⋯    𝜎  1Ν     𝜎  21    𝜎 2 2  ⋯    𝜎  2ν  ⋯    𝜎  2Ν   ⋮  ⋮  ⋮  ⋮  ⋮  ⋮     𝜎  λ1    𝜎  λ2  ⋯    𝜎  λν  ⋯    𝜎  λΝ   ⋮  ⋮  ⋮  ⋮  ⋮  ⋮     𝜎  Ν1    𝜎  Ν2  ⋯    𝜎  Νν  ⋯    𝜎  N 2 |  


    𝛲  λν =     𝜎  λν    𝜎  𝜆 ⋅   𝜎  𝜈


    𝜎  𝜈 =      𝜎  𝜈 2


    𝑪  N X N


    𝑪  T = 𝑪


    𝜆  𝜇 ,   𝜆  𝜈 ,   𝜆  𝜇 ≠   𝜆  𝜈


    𝒘  𝜇 ≠   𝒘  𝜈


    𝒘  𝜇  T ⋅   𝒘  𝜈 = 0


    𝜆  𝜇 ,   𝜆  𝜈


    𝒘  𝜇 ,   𝒘  𝜈


      𝑪 ⋅   𝒘  𝜇 =   𝜆  𝜇 ⋅   𝒘  𝜇   𝑪 ⋅   𝒘  𝜈 =   𝜆  𝜈 ⋅   𝒘  𝜈 } ⇒      𝒘  𝜈  T ⋅ 𝑪 ⋅   𝒘  𝜇 =   𝒘  𝜈  T ⋅   𝜆  𝜇 ⋅   𝒘  𝜇 =   𝜆  𝜇 ⋅   𝒘  𝜈  T ⋅   𝒘  𝜇    ( A )     𝒘  𝜇  T ⋅ 𝑪 ⋅   𝒘  𝜈 =   𝒘  𝜇  T ⋅   𝜆  𝜈 ⋅   𝒘  𝜈 =   𝜆  𝜈 ⋅   𝒘  𝜇  T ⋅   𝒘  𝜈    ( B )


    𝒘  𝜈  T ⋅ 𝑪 ⋅   𝒘  𝜇 =    (   𝒘  𝜇  T ⋅ 𝑪 ⋅   𝒘  𝜈 )  T


    𝜆  𝜇 ⋅   𝒘  𝜈  T ⋅   𝒘  𝜇 =   𝜆  𝜈 ⋅   𝒘  𝜈  T ⋅   𝒘  𝜇 ⇔  (   𝜆  𝜇 −   𝜆  𝜈 )   𝒘  𝜈  T ⋅   𝒘  𝜇 = 0


    𝜆  𝜇 ≠   𝜆  𝜈


    𝒘  𝜈  T ⋅   𝒘  𝜇 =   𝒘  𝜇  T ⋅   𝒘  𝜈 = 0


  𝑾 =  [      𝒘 1 ,    𝒘 2 ,  ⋯ ,    𝒘  N ]


    𝑾  T ⋅ 𝑾 =  [      𝒘 1  T     𝒘 2  T   ⋮     𝒘  N  T ]  [      𝒘 1 ,    𝒘 2 ,  ⋯ ,    𝒘  N ] =  [      𝒘 1  T ⋅   𝒘 1  0  ⋯  0   0    𝒘 2  T ⋅   𝒘 2  ⋯  0   ⋮  ⋮  ⋱  ⋮   0  0  ⋯    𝒘  N  T ⋅   𝒘  N ] =  [    1  0  ⋯  0   0  1  ⋯  0   ⋮  ⋮  ⋱  ⋮    0  ⋯  1 ] = 𝑰


  𝑾


    𝑾  − 1 =   𝑾  T


  𝑪


      𝑪 ⋅   𝒘 1 =   𝜆 1 ⋅   𝒘 1   𝑪 ⋅   𝒘 2 =   𝜆 2 ⋅   𝒘 2   ⋮   𝑪 ⋅   𝒘  N =   𝜆  N ⋅   𝒘  N } ⇒ 𝑪 ⋅  [      𝒘 1 ,  ⋯ ,    𝒘  N ] =  [      𝒘 1 ,  ⋯ ,    𝒘  N ]  [      𝜆 1  0  ⋯  0   0    𝜆 2  ⋯  0   ⋮  ⋮  ⋱  ⋮   0  0  ⋯    𝜆  N ] = 𝑾 ⋅ 𝜦


  𝜦 =  [      𝜆 1  0  ⋯  0   0    𝜆 2  ⋯  0   ⋮  ⋮  ⋱  ⋮   0  0  ⋯    𝜆  N ]


  𝑪 ⋅ 𝑾 = 𝑾 ⋅ 𝜦 ⇒   𝑾  − 1 ⋅ 𝑪 ⋅ 𝑾 =   𝑾  − 1 ⋅ 𝑾 ⋅ 𝜦 = 𝑰 ⋅ 𝜦 = 𝜦 ⇔   𝑾  T ⋅ 𝑪 ⋅ 𝑾 = 𝜦


    𝐰 N ∙ 𝐱  ( t )


    𝐰 n ∙ 𝐱  ( t )


    𝐕 K ∙ 𝐡  ( t ) +  c K


    𝐕 k ∙ 𝐡  ( t ) +  c k


   [    0  0  0     y 1    y 2    y 3 ]      


                                     [      y 1    y 2    y 3   0  0  0 ]


                                     [      y 1    y 2    y 3   0  0  0 ]

